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1 Introduction and Main Results 

In this paper we start with the apphcation of the polyfold theory to the 
symplectic field theory (SFT) outhned in [1]. It turns out that the polyfold 
structures near noded stable curves lead also naturally to a polyfold descrip- 
tion of the Gromov-Witten theory which is a by-product of the analytical 
foundation of SFT, presented here. The SFT will be completed in [28] . 

The Groniov-Witten invariants (GW-invariants) are invariants of sym- 
plectic manifolds deduced from the structure of stable pseudoholomorphic 
maps from noded Riemann surfaces to the symplectic manifold. The con- 
struction of GW invariants of general symplectic manifolds goes back to 
Fukaya-Ono in [2j and Li-Tian in [3D] . Cieliebak-Mohnke studied the genus 
zero case in [2]. Earlier work for special symplectic manifolds are due to 
Ruan in [38] and [39] . 

Our approach to the GW-invariants is quite different from the approaches 
in the literature. We shall apply the general Fredholm theory developed in 
[20] 1211 122] and surveyed in [2] and [12] . The theory is designed for the 
analytical foundations of the SFT in [21] . 

We recall from [22] that a polyfold Z is a metrizable space equipped with 
with an equivalence class of polyfold structures. A polyfold structure [X, /3] 
consists of an ep-groupoid X which one could consider as a generalization 
of an etale proper Lie groupoid whose object and morphism sets have M- 
polyfold structures instead of manifold structures, and whose structure maps 
are sc-smooth maps. Moreover, /3 : |X| — >■ Z is a homeomorphism between 
the orbit space of X and the topological space Z. The relevant concepts here 
are recalled in Section fI72\ below. 

Our strategy to obtain the GW-invariants is as follows. We first construct 
the ambient space Z of stable curves, from noded Riemann surfaces to the 
symplectic manifold, which are not required to be pseudoholomorphic. The 
space Z has a natural paracompact topology and we construct an equivalence 
class of natural polyfold structures [X, f3] on Z. The second step constructs 
a so called strong bundle p : W —> Z which will be equipped with an sc- 
smooth strong polyfold structure. In the third step we shall show that the 
Cauchy-Riemann operator dj defines an sc-smooth section of the bundle p 
which is a particular case of SFT. We shall prove that dj is an sc-smooth 
proper Fredholm section of the bundle p : W -^ Z. The solution sets of the 
section dj are the Gromov compactified moduli spaces which, as usual, are 
badly behaving sets. However, the three ingredients already established at 



this point allow to apply immediately the abstract Fredholm perturbation 
theory from [211 [22]. After the generic perturbation the solution sets of 
the perturbed Fredholm problem become smooth objects, namely smooth 
branched sub-orbifolds, so that the branched integration theory from [23] 
allows to integrate the sc-differential forms over the perturbed solution sets 
to obtain the GW-invariants in the form of integrals. 

Our main concern in the following is the construction of the polyfold 
structures which allow to deal with noded objects in a smooth way. For this 
purpose we describe, in particular, the normal forms for families of noded 
Riemann surfaces in the Deligne-Mumford theory used in our constructions. 
We also include some related technical results needed for the SFT in 

1.1 The Space Z of Stable Curves 

We start with the construction of the ambient space Z of stable curves. 
The stable curves are not required to be pseudoholomorphic. We consider 
maps defined on noded Riemann surfaces S having their images in the closed 
symplectic manifold (Q, uj) and possessing various regularity properties. 
We shall denote by 

a germ of a map defined on (a piece) of Riemann surface S around x E S. 

Definition 1.1. Let ?7i > 2 be an integer and 5 > 0. A germ of a continuous 
map u : 0{S, x) — )■ Q is called of class [m, 6) at the point x, if for a smooth 
chart ip : U{u{x)) — )■ M^" mapping u{x) to and for holomorphic polar 
coordinates a : [0, oo) x S^ ^ S \ {x} around x, the map 

v{s,t) = Tp QUO a{s,t) 

which is defined for s large, has partial derivatives up to order m, which 
weighted by e*^"* belong to the space L'^{[so,oo) x S'^M^'^) for sq sufficiently 
large. We call the germ of class m around the point 2; G S*, if m is of class 
HJ^^ near z. 

One easily verifies that if a is a germ of biholomorphic map mapping 
X G S" to y G S" then u is of class {m, e) near x if and only if the same is true 
for u o (T~^ near y. Moreover, the above definition does not depend on the 
choices involved, like charts and holomorphic polar coordinates. 



Definition 1.2. A noded Riemann surface with marked points is a tuple 
{S,j,M,D) in wliich {S,j) is a closed Riemann surface, M G S a finite 
collection of marked points which can be ordered or un-ordered, and D is a 
finite collection of un-ordered pairs {x, y} of points in 5* so that x ^ y and 
two pairs which intersect are identical. The union of all subsets {x, y} of S", 
denoted by \D\^ is disjoint from M . We call D the set of nodal pairs and \D\ 
the set of nodal points. 

The Riemann surface 5* can consist of different connected components C 
called domain components. The noded Riemann surface (5", j, M, D) is called 
connected if the topological space S", obtained by identifying the points x and 
y in the nodal pairs {a;,|/} G -D, is connected. 

So in our terminology it is possible that the noded surface {S,j,M,D) 
is connected, but the Riemann surface 5* has several connected components, 
namely its domain components. 

The arithmetic genus Qa of a connected noded Riemann surface {S, j, M, D) 
is the integer Qa defined by 

c 

where jl-D is the number of nodal pairs in D and where the sum is taken 
over the finitely many domain components C of the Riemann surface 5, and 
where g{C) denotes the genus of C. The arithmetic genus ga agrees with 
the genus of the connected compact Riemann surface obtained by taking 
disks around the nodes in every nodal pair and replacing the two disks by a 
connecting tube. In the following we refer to the elements of M U l^l as to 
the special points. The set of special points lying on the domain component 
C is abbreviated by Sc := C n (M U \D\). 
Two connected noded Riemann surfaces 

(^,j,M,D) and (5',/,M',D') 

are called isomorphic (or equivalent) if there exists a biholomorphic map 

0:(5,j)^(5',/) 

(i.e., the diffeomorphism satisfies Tcf) o j = j' o T0) mapping the marked 
points onto the marked points and the nodal pairs onto the nodal pairs, 
hence satisfying (f){M) = M' and (l)tf{D) = D' where 

UD) = {{(t>{x)A{y)} ^ D'\{x,y} e D]. 



If the marked points M and M' are ordered it is required that preserves 
the order. If the two noded Riemann surfaces are identical, the isomorphism 
above is called an automorphism of the noded surface {S,j,M,D). In the 
following we denote by 

[(^,J,M,D)] 

the equivalence class of all connected noded Riemann surfaces isomorphic to 
the connected noded Riemann surface {S,j,M,D). 

Definition 1.3. The connected noded Riemann surface {S,j, M, D) is called 
stable if its automorphism group G is finite. 

One knows that a connected noded Riemann surface {S,j, M, D) is stable 
if and only if every domain component C oi S satisfies 

where g{C) is the genus of C . 

Next we describe the tuples a = {S,j,M,D,u) in which {S,j,M,D) is 
a noded Riemann surface with ordered marked points, and u : S ^ Q a. 
continuous map, in more detail. 

Definition 1.4 (Stable maps and stable curves). The tuple 

a = iS,j,M,D,u) 

is called of class {m,6), where m > 3 and 5 > 0, if it has the following 
properties, 

• The underlying topological space, obtained by identifying the two points 
in every nodal pair, is connected. 

• The map u is of class {m,6) around the nodal points in \D\ and of 
class m around all other points. (For certain applications it is useful to 
require the map u around the marked points in M to be of class (m, 6) 
as well; the minor modifications are left to the reader.) 

• u{x) = u{y) at every nodal pair {x, y} G D. 

• Stability condition: if a domain component C of S* has genus g{C) 
and tJSc special points, and satisfies 2 ■ g{C) + ^Sc < 2, then 

u*uj > 0. 
c 



Two such tuples a = {S,j,M,D,u) and a' = {S',j',M',D',u') are called 
equivalent if there exists an isomorphism : {S,j,M,D) — ?> {S',j',M',D') 
between the noded Riemann surfaces satisfying 

U O (f) = u. 

Here preserves the ordering of the marked points. An equivalence class is 
called a stable curve of class (171,6), and the tuple a = {S,j,M,D,u) is 
called a stable map. Hence a stable curve is an equivalence class of stable 
maps and will be denoted by [a] if a is a representative. 

Next we introduce the space Z which will be equipped with a polyfold 
structure. 

Definition 1.5. Fix a 5o G (0, 27r). The collection of all equivalence classes 
[a] of stable maps a of class (3, 60) is called the space of stable curves in Q 
of class (3, 6q) and is denoted by Z or by Z^'^"{Q, u). 

The set Z has a natural topology. The topology is related to the topology 
on the Sobolev space of if ^-maps on a punctured Riemann surfaces with 
exponential decay near the nodes. 

Theorem 1.6. For given 6q G (0, 27r) the associated space Z = Z^'^°{Q,u) 
has a natural second countable paracompact topology. 

We shall prove that the topological space Z carries a natural polyfold 
structure provided some other pieces of data are fixed. A polyfold is quite 
similar to a possibly infinite-dimensional orbifold, where however, and this 
is crucial for applications, the local models are sc-smooth retracts divided 
by finite group actions. The notion of sc-smoothness is a new notion of 
smoothness which in infinite dimensions is much weaker than the notion of 
Frechet differentiability. Whereas a smooth retract for the latter is a split 
submanifold, an sc-smooth retract can be a very wild set of locally varying 
dimensions. The polyfold theory, among other things generalizes differential 
geometry to spaces which locally look like sc-smooth retracts or quotients 
thereof. The more fancy local models are needed since the spaces have to 
incorporate analytical limiting behaviors, like bubbling-off and breaking of 
trajectories, which cannot be satisfactorily described in the classical set-up 
of manifolds. We refer to [22] for the definition of a polyfold structure. For 
the convenience of the reader the concepts are recalled in Section 12.21 below. 



In order to describe a preliminary version of our main result we observe 
that the gluing construction at the nodes requires the conversion of the ab- 
solute value \a\ of a non-zero complex number a into a real number R > 
which is essentially the modulus of the associated cylindrical neck. The con- 
version is defined by a so called gluing profile (p which is a diffeomorphism 
(^:(0,l]^[0,oo). 

The main result is the following theorem. 

Theorem 1.7. Given a strictly increasing sequence (Sm), starting at the 
previously chosen 6q and staying below 2ti, and the gluing profile ^p{r) = 
cr — e, the space Z = Z^'^°{Q,u) of stable curves into Q has a natural 
polyfold structure for which the m-th level consists of equivalence classes of 
stable maps {S,j, M, D, u) in which u is of class (m + 3, 5m)- 

We shall formulate a more precise statement later on after some more 
preparations. The constructions will show that there are natural polyfold 
charts which depend on the choice of the gluing profile (p, which we take as 
specified above (other choices would be possible). These charts work for all 
strictly increasing sequences 5^ starting at 5q and staying below 2-n. Staying 
below 27r is an important requirement in the Fredholm theory. 

Let us also remark that we can define similar spaces using maps of Sobolev 
class Vr™'P provided W^'"^ is continuously embedded into C^. This regularity 
will be needed for the transversal constraint construction. We will not pursue 
this here and leave the details to the reader. One has to keep in mind that 
dealing with the Banach spaces W^'^, P ^ '^i one has to check the existence 
of sc-smooth partitions of unity, which are guaranteed in case the models are 
sc-Hilbert spaces. 

We point out that Z has many connected components as well as many 
interesting open subsets. If g, k are nonnegative integers we denote by Zg^k 
the subset of Z consisting of all equivalence classes [S,j,M,D,u] in which 
the underlying noded Riemann surface {S,j,M,D) has arithmetic genus g 
and k marked points. This subset is open in Z and therefore has an induced 
polyfold structure. If A G H2{Q,'L) is a second homology class, we can also 
consider the set Z^.g.k which is the open subset of Zg^ consisting of elements 
[S,j^ M, Z), u] in which the map u represents A. 

There are natural maps which play an important role in the GW-theory 
and the SFT. Considering for a fixed pair [g, k) of nonnegative integers satis- 
fying 2g + k >?) the space Zg^k-, the evaluation map at the i-th. marked point 



is defined by 

evi : Zg^k -> Q, [S, j, M, D, u] H- u{mi) 

ioT i = 1, . . . ,k. Further, ii2g + k > 3, we have the forgetful map associating 
with the stable curve [a] the underlying stable part of the domain. It is 
obtained as follows. We take a representative {S,j,M,D,u) of our class [a]. 
First we forget the map u and consider, if it exists, a component C satisfying 
2g{C) + tt(Cn (MU l^l)) < 3. Then we have the following cases. Firstly C is 
a sphere with one nodal point, say x. Then we remove the sphere, the nodal 
point X and its partner y, where {x, y} G D. Secondly C is a sphere with two 
nodes. In this case there are two nodal pairs {x, y} and {x', y'}, where x and 
x' lie on the sphere. We remove the sphere and the two nodal pairs but add 
the nodal pair {y, y'}. Thirdly C is a sphere with one node and one marked 
point. In that case we remove the sphere but replace the corresponding node 
on the other component by the marked point. Continuing this way we end 
up with a stable noded marked Riemann surface whose biholomorphic type 
does not depend on the order we 'weeded out' the unstable components. This 
way we obtain the map 



a : Z,,fc -> Mg,k, [S, J, M,D,u]^ [{S, j, M, D] 



stabl 



Here Aig,k is the standard Deligne-Mumford compactification of the space 
of (ordered) marked stable Riemann surfaces with its holomorphic orbifold 
structure. 

Theorem 1.8. If 2g + k > 3, then the maps eVi : Zg^i^ — ?> Q for 1 < i < k 
and a : Zg^k — ^ -^9,fc o'^c sc-smooth. 

As a consequence we can pull-back differential forms on Q and Mg^k to 
obtain sc- differential forms on the polyfold Zg^k which, suitably wedged to- 
gether, can be integrated over the smooth moduli spaces obtained as solution 
sets of transversal Fredholm (multi-)sections of suitable strong bundles over 
Z. Here one makes use of the branched integration theory developed in [23] . 

1.2 The Bundle W 

Next we introduce the strong polyfold bundle W over Z. We consider the 
closed symplectic manifold {Q, u) and choose a compatible almost complex 
structure J on Q so that u o (id ©J) is a Riemannian metric on Q. 





Figure 1: The forgetful map a : Z„ ^ ^ M. 



9,k 



The points of W are defined as follows. We consider tuples 

{S,j,M,D,u,0 



a 



in which the stable map a = {S,j, M, D, u) is a representative of an element 
in Z. Moreover, ^ is a continuous section along u such that the map 

i{z) : T^S -^ Tu(z)Q, for z e S, 

is a complex anti-linear map. Its domain of definition is equipped with the 
complex structure j and its target space is equipped with the almost complex 
structure J. Moreover, on S\ \D\, the map z ^ ^{z) is of class -ffioc- At the 
nodal points in \D\ we require that ^ is of class (2, ^o)- This requires, taking 
holomorphic polar coordinates a around the point x G |-D| and a chart iJj 
around u{x) in Q, that the map 

{s, t) ^ T^{u{a{s, t)ma{s, t)){-£{s, t)), 

and its partial derivatives up to order 2, weighted by e"^"'*' belong to the space 
L^([so,oo) X S'^M^'^) for sq large enough. The definition does not depend 
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on the choices involved. We call two such tuples equivalent if there exists an 
isomorphism 

(f):{S,j,M,D)^{S',j\M',D') 

satisfying 

^' o T(f) = C, and u o cj) = u. 

The equivalence class of a = {S,j,M,D,u,C,) is denoted by [a]. 

The collection of all such equivalence classes constitutes the space W. 

We have defined what it means that an element a represents an element 
on level m. Let us observe that if the map u has regularity [m + 3, 6m) it 
makes sense to talk about elements ^ along u of regularity [k + 2, 6^) for 
< k < m + 1. In the case k = m + 1 the fiber regularity is {m + 3, Sm+i) 
and the underlying base regularity is (m + 3, (5^)- The requirement of a faster 
exponential decay in the fiber towards a nodal point than the exponential 
decay of the underlying base curve is well-defined and independent of the 
charts chosen to define it. Our conventions for defining the levels are governed 
by the overall convention that sections should be horizontal in the sense that 
they preserve the level structure, i.e. an element on level m is mapped by 
the section to an element on bi-level {m, m). Hence if the section comes from 
a first order differential operator we need precisely the convention we have 
just introduced. Therefore, it makes sense to call an element 

a = (5,j,M,D,u,0 

of (bi)-regularity ((m + 3,(5^), {k + 2,5^)) as long as k satisfies the above 
restriction < /c < m + 1. We say that [a] e VT is on level (m, k) provided 
(u, ^) has the above regularity. We keep in mind that bi-levels (m, k) are 
defined under the restriction < A; < ?Ti + 1. 

Theorem 1.9. The set W has a natural second countable paracompact topol- 
ogy so that the projection map 

p:W -^ Z, [a]^ [a], 

(forgetting the ^-part), is continuous. 

Our main result concerning the polyfold set-up is the following theorem. 

Theorem 1.10. Let Z = Z^'^°{Q,u) be the previously introduced space of 
stable curves with its polyfold structure associated with the increasing se- 
quence {6m) C (0, 27r) and the exponential gluing profile (f. Then the bundle 

11 



p : W —> Z has in a natural way the structure of a strong polyfold bundle in 
which the {m,k)-bi-level (for < k < m + 1) consists of elements of base 
regularity {m + 3, 6m) o,nd of fiber regularity {k + 2, 5k)- 



We refer the reader to [22], [IS]' ^^^1 [23] for the background material on 
polyfold theory. For the readers convenience we shall also review the main 
concepts during the proofs. 

1.3 Fredholm Theory 

For a compatible smooth almost complex structure J on {Q^oj) we define the 
Cauchy-Riemann section dj of the strong polyfold bundle p : W ^ Z hj 

dj{[S,j,M,D,u]) = [S,j,M,D,u,dj,,{u)] 

where 

djj{u) = -[Tu + J{u) oTuo j] . 

We call a Fredholm section of a strong polyfold bundle component-proper 
provided the restriction to every connected component of the domain is 
proper. 

Theorem 1.11. The Cauchy-Riemann section dj of the strong polyfold bun- 
dle p : W ^ Z is an sc-smooth component-proper Fredholm section, which is 
naturally oriented. On the component Z^^g^k of the polyfold Z the Fredholm 
index of dj is equal to 

Ind (dj) = 2ci{A) + {2n - 6){1 - g) + 2k, 

where 2n = dim Q, where g is the arithmetic genus of the noded Riemann 
surfaces, and k the number of marked points and A G H2{Q). 

The orientation question is a special case of the more elaborate orientation 
questions in SFT, which will be studied in [25] . 

We note that the determinant bundle associated with a Fredholm section 
and a strong bundle connection C is always a topological line bundle in 
the classical Fredholm set-up. The difficulty with the determinant bundle 
det{dj) — > Zoo in the case at hand stems from the fact that the linearized 
polyfold Fredholm sections generally do not depend as operators continuously 
on the points at which they are linearized. 
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1.4 The GW- invariants 

At this point, in view of Theorem II .Tj Theorem 1 1 . 1 1 and Theorem II.IH we 
are in the position to apply the general functional analytic Fredholm theory 
developed in [201 1211 |22]. The theory provides, in particular, an abstract 
perturbation theory to achieve transversality of the Fredholm section. In 
general, however, transversality can only be achieved by means of multivalued 
perturbations. 

As a side remark we observe that on components of the polyfold Z, on 
which the solutions are somewhere injective, the more classical theory is still 
applicable and the transversality of the Fredholm section can be achieved by 
choosing a suitable almost complex structure J on the symplectic manifold 
{Q,u). So, the classical theory of the pseudoholomorphic curve equation is 
part of our general constructions, see [Mj . 

In general, following the recipe of the abstract perturbation theory in 
[22] . one constructs a generic sc^-multisection of the polyfold bundle W ^ Z 
such that the components of the solution spaces of the perturbed section are 
oriented, compact, weighted, branched suborbifolds of the polyfold Z of even 
dimension. Depending on the components ZA,g,k, the solution spaces can also 
be smooth oriented manifolds or orbifolds. The solution spaces of different 
perturbations are connected by oriented cobordisms in the same category. 

To be precise we consider the polyfold Z of Theorem 11.71 the strong 
polyfold bundle p : W ^ Z oi Theorem 11.101 and the sc-smooth component 
proper Fredholm section dj of Theorem 11.111 Given the homology class 
A G H2{Q,Z) of the closed symplectic manifold {Q,uj) and two integers 
g,k > 0, with 2g + k > 3, we focus on the polyfold ^A,g,fe C Z of equivalence 
classes [{S,j, M, D, u)] in which the noded Riemann surface S has arithmetic 
genus g and is equipped with k marked points; the map u represents the 
homology class A of Q. The sc-smooth evaluation maps evi : Z^.g.k — ^ Q and 
a : ZA,g,k -^ -M-g.k of Theorem 11.81 allow to pull back the differential forms 
on Q and M.g^k to sc-differential forms on the polyfold ZA,g,k- The solution 
set S{dj) C ZA,g,k of the Fredholm section dj of the strong polyfold bundle 
p : W ^ Z is the set 

S{dj) = {zeZA,g,k\dj{z) = 0} 

where is the zero section of the bundle p. We point out that the fiber of 
a strong polyfold bundle does not have a linear structure, but the bundle 
possesses a preferred section 0. 

13 



In view of the perturbation theory in [22] there exists a small generic 
sc^-multisection A of the bundle p in the sense of Definition 3.43 in [22] so 
that the pair {dj, A) is generic in the sense of Definition 4.7 in [22]. We define 
the solution set of the pair {dj, A) as the subset 

S{dj,X) = {zeZA,g,k\Hdj{z))>0} 

and the weight function ■{} : ZA,g,k — ^ Q'^ by 

^{z) = \(dj{z)) e Q+. 

By the Theorems 4.13 and 4.14 in [22], the pair {S{dj,X),'d) is a compact, 
branched and oriented suborbifold of the polyfold ZA,g,k in the sense of Def- 
inition 3.22 in [22]- Its dimension is equal to Ind (dj). Therefore, we can 
apply the branched integration theory of [23] and conclude from Theorem 
4.23 in [22] immediately the following result. 

Theorem 1.12. Let {Q^uj) he a closed symplectic manifold of dimension 
2n. For a given homology class A G H2{Q) and for given integers g,k > 
satisfying 2g + k > 3, there exists a multi-linear map 

which, on H*{Q; M.)'^^ , is super- symmetric with respect to the grading by even 
and odd forms. This map is uniquely characterized by the following formula. 
For a given compatible almost complex structure J on Q and a given small 
generic perturbation by an sc'^ -multisection X, we have the representation 

(^Lfc(H®---®H)>H)= / _ a*iPDir))Aevl{a^)A...Aevl{ak) 

where ai, . . . , a^ G H*{Q), where r G H^{Aig^k) and where PD denotes the 
Poincare dual. 

The integration theory used is the "branched integration" from [23] . The 
integral over the empty set is defined to be zero. 

The apriori real number (^Agfc(['^i]®- • -^lo^fc]), M) is called a Gromov- 
Witten invariant. It is zero if the Fredholm index does not agree with the 
degree of the differential form being integrated. It follows from the con- 
struction that the Gromov-Witten invariants are invariants of the symplectic 
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deformation type of the manifold Q. Indeed, a deformation produces an arc 
of Cauchy-Riemann sections. These are component proper since the almost 
complex structures occurring are tamed. The GW-invariants are rational 
numbers if the (co)homology classes are integer and the above integral has an 
interpretation as a rational count of solutions of some intersection problems. 
For the details of Theorem 1 1 . 1 2 1 we refer to [12], where also the properties of 
the Gromov-Witten invariants are presented. 
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2 Recollections and Technical Results 

A basic ingredient in the construction of the polyfold structure on the space 
of stable curves is the Dehgne-Mumford theory. There is, however, a twist. 
In the plumbing constructions of Riemann surfaces we have to apply a recipe 
which is quite different from the one used in the DM-theory. The deeper 
reasons lie in the analysis of function spaces. The DM-theory, as needed here, 
has been developed in detail in [I?]. The other ingredients are nonlinear 
analysis facts related to our sc-version of nonlinear analysis. The results 
needed here have been proved in [26]. We start by recalling the results used 
in the polyfold construction later on. 

2.1 Deligne— Mumford type Spaces 

In this section we present a Lie groupoid version of the classical Deligne- 
Mumford theory. 

The gluing construction at the nodes requires a conversion of the absolute 
value \a\ of a non-zero complex number a, the gluing parameter, into a pos- 
itive real number R > 0, which is essentially the modulus of the associated 
cylindrical neck. The conversion \a\ \-^ R in the classical Deligne- Mumford 
case is defined by the diffeomorphism 

(0, 1] ^ [0,oo), r^(/?(r) :=-— ln(r). 

ZiT 

In our study of stable curves we need, in view of the functional analytic 
requirements, other gluing profiles. A very useful one is the exponential 
gluing profile 

(0, 1] — !■ [0, oo), r I— !■ ip{r) := e^ — e. 

As it turns out, only in the case of the logarithmic gluing profile, the Deligne- 
Mumford space of stable noded and marked Riemann surfaces has a holo- 
morphic orbifold structure. In the case of the exponential gluing profile we 
merely obtain a smooth naturally oriented orbifold structure. 

We begin with the classical case. We denote by JJ the space of biholomor- 
phic equivalence classes of connected, stable, noded Riemann surfaces with 
un-ordered marked points. More precisely we consider equivalence classes [a] 
of nodal Riemann surfaces 

a = {S,j,M,D) 
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in which {S,j) is a closed Riemann surface (which can consist of different 
connected components), M is a finite subset of S of marked points which 
we assume to be ordered, un-ordered or partially ordered, depending on the 
situation. Isomorphisms between such Riemann surfaces have to preserve the 
marked points, and when they are ordered even their ordering. For the first 
part of the discussion we assume M to be un-ordered. The set D consists of 
the finitely many points belonging to the nodal pairs {x,y}. A nodal pair 
consists of a set {x, y} of two distinct points x and y in 5*. We require that 
two nodal pairs are either identical or disjoint, i.e if {x, y} fl {x', y'} ^ then 
{x,y} = {x',y'}. We write \D\ C S for the union of all sets {x,y}, 

\D\= [j {x,y}, 

{x,y}eD 

and require that the sets M and \D\ are disjoint. We recall that the nodal 
Riemann surface a is said to be connected if the topological space, obtained 
by identifying the two points of every nodal pair is a connected topological 
space. We call a stable if every connected component C of the Riemann 
surface S having genus g{C) satisfies 

2-g{C) + ^{Cn{MU\D\))>3, 

where tl(-) denotes the cardinality of a set. Two such tuples a and a' are 
called isomorphic (or equivalent) provided there exists a biholomorphic map 
(j) : {S,j) -^ {S',f) satisfying (/.(M) = M' and ^D) = D\ where (p,{D) = 
{{</)(x), 0(y)}| {x,y} G D}. The group G of the automorphisms of the noded 
Riemann surface {S,j,M,D) is finite if and only if a is stable. The set 
AT consists of all equivalence classes of connected, stable, noded Riemann 
surfaces with un-ordered marked points. This set has interesting subsets. If 
g and k are non- negative integers satisfying 2g + k>3,we denote by 'N'g,k the 
subset consisting of all equivalence classes [a] for which the representative a 
has arithmetic genus g and k marked points. 

Theorem 2.1. The space AT has a natural second countable paracompact 
topology for which every connected component is compact. Moreover, if2g + 
k > 3, then the subset 'N'g^k is a compact subset which also is a connected 
component. 

A proof of this classical result can be found in [29]. We shall call the 
underlying topology the DM-topology. A basis for the topology can be de- 
scribed as follows. We fix a gluing profile ip and let the noded Riemann 
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surface a = {S,j,M,D) represent the equivalence class [a] G A/". For every 
nodal point x G |-D| we choose a small closed disk D^ with smooth boundary 
and centered at x. We assume that any two such disks are disjoint and that 
the union of the disks is invariant under the automorphism group G oi a and 
does not intersect the set M of marked points. The collection of such disks 
is called a small disk structure. We write D = (-Da;)ag|D| and abbreviate 
the union of the disks by 

|D| := U D,. 
xe\D\ 

With every nodal pair {x, y} G -D we associate a gluing parameter a^^^yj G 
C which is a complex number varying in the the closed unit disk. By a = 
{o-{x,y}}{x,y}eD "we dcuotc the collection of all gluing parameters. Given a 
fixed a = {a^x,y}}^ "we denote by Da the set of all pairs {x,y} for which 

0-{x,y} = 0. 

We first consider a nodal pair {x, y} E D \ Da for which, by definition, 
0{x,j/} 7^ 0. In this case we shall connect the boundaries of the associated 
disks D^ and Dy by a finite cylinder 

defined as follows. Near x we choose the positive holomorphic polar coordi- 
nates 

K : [0,oo) X S'^D,\{x}, /i,(s,t) =7^,(e-2-(^+**)), 

and near y we choose the negative holomorphic polar coordinates 

hy : (-00, 0]xS'^Dy\ {y}, hy{s,t) = hy{e^^^' +'''>) 

where 

K: {w e C| \w\ <1} ^ D^ 
hy:{we C| \w\ <1} ^ Dy 

are biholomorphic mappings {Th^oi = joTh^ and similarly for hy) satisfying 

/ia;(0) = X and hy{^) = y. 



We remove the points z G D^ which are of the form z = hx{s,t) for 
s > ip{\a^x^yy\) and the points z' G Dy of the form z' = hy{s',t') for s' < 
—ip{\a^x,y}\)- Now we identify the remaining annuh as follows. The points 

z = hx{s,t) and z' = hy{s',t') 

are equivalent if 

s = s' + (p{\a{x,y}\) and t = t' + ^ (modi) 

where the polar form of a^x,y} G C is given by 

"{a;,y} ~ |"{x,j/}|e 

We shall denote the equivalence classes by [hx{s,t)] or simply [s,t]. The 
equivalence classes define the glued finite cylinder Zi^fjy connecting dD^ 
with dDy. It possesses two distinguished global coordinate systems, namely 
the positive coordinates 

{{s,t)\0<s<cpi\a{x,y}\)} 

and the negative coordinates 

{{s',t')\ -<^(|aK,}|<s'<0}. 

We next consider a nodal pair {x, y} G Da which satisfies a{x,y} = 0. In this 
case we do not change the associated disks {Dx,x) U {Dy,y) and define 

Zo^"'^^ = D.,U Dy. 

We carry out the above gluing construction at every nodal pair {x, y} E D 
and obtain this way the new glued Riemann surface Sa- Because we did not 
change the complement of the disks {D^) we can identify the marked points 
M on S* with points on Sa, denoted by Ma- A complex structure k on S 
coinciding with j on the set |D| induces the complex structure ka on the 
glued surface Sa- 

Summarizing, given the stable noded Riemann surface (5, /c, M, D) and 
given the small disk structure {D^) and the gluing parameters a, the above 
gluing construction defines the new stable noded Riemann surface a^ defined 
by 

"a = {Sa,ka,Ma,Da)- 
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Figure 2: Gluing 

Starting from the noded Riemann surface a = {S,j, M, D), having fixed 
the disks (-D^) of the small disk structure, we let U be an open C°°-neighbor- 
hood of j consisting of complex structures on S giving the same orientation. 
For every e G (0, |) we define the subset V{a, U, D, e) of AT by 

V{a,U,'D,e) = {[Sa,ka,Ma,Da] I \a\ < e, k E U, k = j on |D|}. 

Proposition 2.2. The collection of all sets V{a,U,'D,e) constitutes a basis 
for the natural DM-topology on AT. The topology does not depend on the 
choice of the gluing profile. 
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{S, k, M, D) 



Wa: k, 



a, M„, Da) 



Figure 3: Gluing 

We refer to [T7] for a proof. In view of the above construction we shall 
say that the noded Riemann surface Sa is obtained from S by plumbing or 
by gluing. 

The classical Deligne-Mumford result in [3] equips the topological space 
AT with a holomorphic orbifold structure. This is also proved from a more 
differential geometric perspective in [2Z]. Assume that (S*, j, M, D) represents 
an element in A/° and denote by G its finite automorphism group. By ro(a) 
we denote the vector space of smooth sections of TS — t- S which vanish at 



the special points in |-D| U M. Moreover, we denote by Vll 



0,1, 



a. 



the space of 



sections of HomjK (TS',TS') — )■ S which are complex antilinear. There is an 
associated linear Cauchy-Riemann operator 



d : ro(a) -^ fi' 



0,1, 



a] 



which, in holomorphic coordinates, is represented by 
df{z) 



df 1 

-K={z)dz= -{d^f + idyf){z){dx - idy). 



Due to the stability condition, the operator d is injective. More precisely, as 
a consequence of Riemann- Roch the following holds. 
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Proposition 2.3. Let a = {S,j,M,D) be a stable and connected nodal Rie- 
mann surface. Then the operator d : ro(a) — t- Q^'^{a) is a complex linear 
injective Fredholm operator whose index is equal to 

Ind(d) = -{3ga + m-^D-5)- 
We define the linear quotient space H^{a) by 

H\a)=n''^\TS,TS)/im{d). 

As tlie notation already indicates it can be viewed as a cohomology group. 
This space has complex dimension 3ga + jjM — [j-D — 3. Here jl-D is the number 
of nodal pairs which is half the number ^\D\ of nodal points. 

The automorphism group G acts on H^{a) in a natural way via 

G X H\a) ^ H\a), {g,r) ^ g * [r] := [{Tg)r{Tgr']. 

We call it the natural representation of G. If i? is a complex vector space, 
then a representation of G on E' is called natural if it is equivalent to the 
natural representation of G. Given a smooth family v H- j{v) of complex 
structures on S we can consider the family 

v^a, = iS,jiv),M,D) 

of nodal Riemann surfaces. If j(0) = j, the family is called a deformation 
of a. Assume that v belongs to an open neighborhood of of some finite- 
dimensional complex vector space E. The differential 6v H- Dj{v)6v induces 
a linear map 

E^H\a^), 5v^[D]{v)5v]. 

This linear map, denoted by [Dj(f)] : E — t- H^{ay), is called the Kodaira 
differential. The following definitions are very useful. 

Definition 2.4. Let a = {S,j,M,D) be a stable nodal Riemann surface 
and let E he a complex vector space carrying a natural representation of the 
automorphism group G of a. Let v i— )■ j{v) be a smooth deformation of j 
parameterized by v belonging to an open neighborhood V oi & E. Then 
the family v i— )■ j{v) is called 

• complex if [Dj{v)] is complex linear for all v & V. 

• effective if [Dj{v)] is a real linear isomorphism at every point v G V. 
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• symmetric if V is invariant under the G-action on E and for every 
g ^ G, the diffeomorphism g : S -^ S is a. biholomorphic map 

A good deformation of j consists of a complex vector space E with a 
natural representation of G, a G-invariant open neighborhood \^ of and 
a smooth family v h- )■ j[v) of complex structures on S satisfying j(0) = j, 
which is effective and symmetric and such that, in addition, there exists an 
open neighborhood f/ of |-D| U M on which j{v) = j for all v E V. It is called 
a good complex deformation if the family is in addition complex. 

In the symmetric case we have 

[Dj{g*v){g*Sv)] = [iTg)iDjiv)Sv)iTgr']. 

There always exists a good complex deformation according to the next 
proposition proved in [T7] . 

Proposition 2.5. For every stable noded Riemann surface a = {S,j, M, D) 
there exists a good complex deformation v i— t- j{v) of j . 

We have already introduced the notion of a small disk structure. In our 
gluing construction later on it is convenient to deal with good families which 
are constant near the nodes. They are guaranteed by the following result 
from |17] . 

Proposition 2.6. If a = {S,j,M,D) is a noded Riemann surface and v i-^ 
j{v) a good deformation of j satisfying j{v) = j on an open neighborhood U 
of \D\. Then there exists a small disk structure D so that |D| is contained 
in U. 

We now fix a stable noded Riemann surface a = {S,j, M, D) having the 
good deformation v i— )■ j{v) parametrized hy v eV <Z E and the small disk 
structure D satisfying Proposition 12.61 

For every nodal point a; we fix a biholomorphic map h^ '■ [D^, 0) — ?■ {D^, x) 
where D^ = {w G C| \w\ < 1}. Such a choice is unique up to rotation. For 
every nodal pair {x, y} E D there exists a uniquely determined complex 
anti-linear map ipx,y '■ TyS — )■ T^S such that if ipy^x is its inverse, the map 

Thy{Q)-^o^y^xoTK{Q):C^C 
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is the complex conjugation z ^ z. If {x, y} G -D is a nodal pair, then for an 
automorphism (7 G G of a, the composition 

'^x,y o TgiyY^ o (fg(y),g(x) ° T Q (x) : T^S -> T^S 

is unitary and hence a multiplication by an element in 5*^ C C. One easily 
verifies that this element in S^ is the same if we exchange in the previous 
expression the order of x and y to obtain a unitary map TyS — )■ TyS, see [T7] . 
Let us denote this element in 5*^ by a^x,y}{g)- One verifies immediately that 

<^{x,y}{hg) = 0-{gl^x),g{y)}{h) ■ a{^^y}{g). 

Now we are in the position to extend the natural G-action on E as follows. 
Let N be the finite-dimensional complex vector space of maps D ^ C which 
associate to the nodal pair {x,y} a complex number a{x,y}- We define the 
extended G-action 

a:G^ GL{N) x GL{E) 

by 

g * (a, e) = a{g){a, e) = {aN{g)a, g*e), 

where aM{g)a = b is defined by 

hgi^),9{y)} = ^{x,y}i9) ■ a-lxM- 

From the properties of o'^x,y}ig) one sees that the latter defines indeed a 
representation of G on A^ x ii^. The element a{x,y} will occur as a gluing 
parameter at the nodal pair {x, y}. With the data so far fixed, we choose for 
every nodal pair {x, y} an ordered pair, say [x, y), and take for x and y the 
holomorphic polar coordinates 

h, : [0, 00) xS'^ D,, h,{s, t) = K{e-''<'+''^) 

and 

hy ■ (-00, 0] X 5^ ^ Dy, hy{s\ t' ) = hy {e^"" ^'' +''' ^ ) 

as introduced in Section 12.11 We have chosen positive holomorphic polar 
coordinates around x and negative ones around y. In the following (s, t) 
will always denote positive polar coordinates and {s', t') negative ones. In 
order to carry out the gluing we need a gluing profile. As already pointed 
out, there will be two gluing profiles of interest for us. The logarithmic 
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gluing profile occurring in the classical holomorphic Deligne-Mumford theory 
is defined by (f{r) = — 2^1n(r) and the exponential gluing profile which will 

be used in our constructions is defined by (p{r) = e^ —e. Our approach in [17] 
allows to derive Deligne-Mumford type results for any gluing profile satisfying 
suitable derivative bounds. Alternatively, assuming the DM-theory for the 
logarithmic gluing profile, a calculus lemma allows to derive the necessary 
results for the exponential gluing profile as shown in [T7] . 

Let us fix for the moment the logarithmic gluing profile which we denote 
by ip. Given a, a small disk structure D, and a good deformation v i— )■ j{v) 
of J, which coincides with j on |D|, we obtain as previously described the 
family of noded Riemann surfaces 

{a,v) H- a(a,v) ■= {Sa, j {a, v), Ma, Da) where {a,v) G (Bi)*^ x V. 

Here j{a, v) = j{v)a is the complex structure induced from j{v) on the glued 
surface Sa- The automorphisms g E G oi {S,j,M,D) induce the canonical 
isomorphisms 

If the nodal pair {x, y} ^ D satisfies a^x,y} 7^ 0, we have introduced in 
Section 12.11 the finite cylinder Za^^^^^ consisting of points z ^ Sa satisfying 
z= [hx{s,t)] where (s,t) G [0,R] x S^ and R = ip{\a{x,y}\)- 

If the nodal pair {x, y} satisfies a^^^yj = 0, we have introduced Zi^^^^^ = 
Zq'^^ = Dx U Dy. We recall that our gluing construction at the nodal 
pair does not change the pair {D^^x) U {Dy,y) of disks if a{x,y} = and if 
'^{x,y} 7^ replaces the pair of disks by the finite cylinder Za^^^^y connecting 
the boundaries of the disks. This cylinder has two sets of distinguished 
coordinates namely [s, t] by extending the positive holomorphic coordinates 
coming from x or [s',t']' coming from the negative holomorphic coordinates 
from y. 

If a{a:,y} 7^ and /i > 0, we define the sub-cylinder Zi^fjy{—h) C Zl^^^^^ 
by 

zll'^yh) = {[s,t] e zl^^}^ I s e [h,R-h]} 

and introduce the subsets Za and Za{—h) of Sa defined by 

^»= U ^S ^-d Za{-h)= U ^S(-/.). 
{x,y}eD {x,y}GD 
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We define for h > and a{x.y} = 

-h)=Dxi-h)UDy{h), 



zt'\ 



witli tlie sub-disks Dj.{—h) = {2; G -D^l z = x or z = hx{s,t) for s > h} and 



D,, 



-h) = {z' e Dy\ z' = y OT z' = hy{s',t') for s' < -h}. 



Definition 2.7. Tlie complement in S of tlie interiors of the disks of the 
small disk structure will be called the core of 5". Similarly the complement 
of the interior of the subset Za in 5*^ will be called the core of Sa 

The cores of S and Sa are naturally identified. The following observation 
will be useful in the study of sc-smoothness. 





Figure 4: The left-hand side figure shows a connected nodal Riemann surface 
of arithmetic genus 3. The right-hand side figure shows a glued version having 
genus 3 with the distinguished cylinder Za and the sub-cylinder Za{—h). 



Remark 2.8. A point z E Sa can be viewed as a point in S as follows. If 
z belongs to the core it is obvious. If z is outside of the core we have two 
cases. Either it belongs to D^ or to Dy, where {x,y} is an unglued nodal 
pair. In that case the identification is also clear. Otherwise it must belong 
to a "neck" Za^fj^ and hence can be written in two ways as 



hx{s,t) and 



hy{s',t'), 



where (s,t) G [0,R] x S^ and {s',t') E [-R,0] x S^ satisfying s = s' + R 

\a{x,y}\ ■ e"^''*'' and R = (p{\a{x,y}\) is the gluing 



and t' = t + ^ where a^x,y} 
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length. In this case the point z can be identified with two points in 5", one in 
the disk Dr^ and the other in the disk Dy. We denote by 'z the hft of a point 
z G S'a to 5* if the hft is unique and by 'Zx and 'Zy if the hft is not unique and 
the subscript indicates into which disk the point is hfted. 
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Figure 5: The top portion shows the relevant part of S namely D^ and Dy. 
The bottom part shows the glued version, where we have a point z in the 
glued cylinder. The two middle pictures show the lifts z^ and Zy. 



Definition 2.9. Let a^ 



\^.y} 



){a;,j/}GD bc a sequeuce of gluing parameters 



and let z^ G 5*^*: be a sequence of points. We say that the sequence [z^] stays 
in a finite distance to the core if there exists a real number /i > satisfying 
Zy, ^ Zgk{—K) for all large k. 



Assume that (a°,w°) is given and consider the nodal pairs {x, y} G D for 
which c^Sxy\ 7^ 0. If one varies only these non-zero gluing parameters, then 
one quite easily constructs a new smooth complex structure j*{b,v) on the 
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noded Riemann surface SaO so that the noded surfaces (S'^o, j*(&, v), M^o, D^o) 
and cx(^a°+b,vO) are isomorphic by a map which is the identity on the core. 
Here b is small and has a nonzero component at the nodal pair {x, y} & D 
only if a^r ^j 7^ 0. In [T7] this construction is called the "freezing of gluing 
parameters". We shall also describe it in a later subsection. We can take 
the Kodaira differential at {b, v) = (0, f °) with respect to (6, v) and obtain a 
linear map 

PDj{a^,v^) : A^(a°) x E ^ H\a(^aO,vO)) 

called a partial Kodaira differential. The space N{a^) is the subspace of N 
consisting of all {a{^^y}} satisfying a^^^y} = if a^^^| = 0. 

Definition 2.10 (Good uniformizing family). We consider the stable 
Riemann surface {S,j,M,D) whose finite automorphism group is denoted 
by G. Let v i— )■ j{v) be a good complex deformation of j and consider the 
family (a, v) H- a(^a,v) oi glued noded Riemann surfaces, whose construction 
uses the logarithmic or the exponential gluing profile. The parameters (a, v) 
vary in the open neighborhood O G N x E oi the origin which is invariant 
under the natural representation of G. The family (a, v) i— )■ a(^a,v) is called a 
uniformizing family with domain O, if the following conditions are satisfied. 

• The set hi = {[a(a,v)] \ {ci,v) G 0} of equivalence classes of stable Rie- 
mann surfaces is open in the space AT. 

• The map p : O ^ U defined by 

pia,v) = [«(«,!,)] 
induces a homeomorphism from the orbit space G\0 onto U. 

• If : a(a,i,) — !■ «(a',v') is an isomorphism of noded Riemann surfaces 
where (a, f) G O and {a',v') G O, then there exists an automorphism 
g E G satisfying (a',f') = g* (a, f). Moreover, = (7^ is the induced 
canonical isomorphism. 

• The partial Kodaira differentials 

PDj{a,v) : N{a) xE^ H\a(^a,v)) 

at the point (a, w) G O are all linear isomorphisms (resp. complex linear 
if the logarithmic gluing profile is used) . 
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The following key result is a reformulation of parts of the classical Deligne- 
Mumford theory in the case of the logarithmic gluing profile. It holds true 
also in the case of the exponential gluing profile and we refer to |T^ for the 
proof. 

Theorem 2.11. There exists for every stable noded Riemann surface a = 
{S, j, M, D) a good uniformizing family 

(a, v) I—)- a{^a,v) on the domain (a, v) G O. 

We now consider the uniformizing family (a, v) ^^ a{a,v) with domain 
(a, f ) G O and, abbreviating o = (a, v), simply write 

o -^ ao for o G O 

for the uniformizing family. In order to simplify the notation we shall abbre- 
viate by J-" or J^ct the graph of the family, 

F = {(o, «(,) \ E 0} 

which we equip with the structure of a complex manifold by requiring that the 
map T ^ O defined by (o, Oo) H- o is a biholomorphic diffeomorphism. We 
shall also refer to J-" as to a uniformizing family. The natural map p : J-" — )■ AT 
is defined by p(o, ao) = [ao]. 

If T and T' are given, we consider for the two uniformizing families 
(o, Oo) G T and (o', a^,) G T' the triple 

((o, ao), 0, (o', a'„,)) = (o, tto, 0, o', a^,) 

in which : ao — )■ «o/ is an isomorphism between the nodal Riemann surfaces. 
We denote the set of all such triples by M(J-', J-"'). There are two natural 
maps s,t defined on M(J-', J-"'). Namely, the source map 

s : M(J^, J^') —7- T , defined by s(o, Oq, 0, o', a^/) = (o, Oq), 

and the target map 

t : M(J^, J^') — !■ J^', defined by t(o, Oo, 0, o', ag/) = (o', ag/). 

The following result is a reformulation of parts of the DM-theory. 
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T 



morphism ((o, Oq), V') (o', cko')) 



Figure 6: One can view the points in T and T' as objects of a category and 
the points in M(J^, J^') as morphisms between these objects. 

Theorem 2.12. The set M(J-', J-"') has a natural structure as a complex 
manifold so that the source and the target maps are locally biholomorphic 
maps and the map 

is proper. For these complex manifold structures the inversion map 



defined by 



M{T,y) ^M(J^',J^), 



(o, ao, 0, o', fto/) ^ (o', a^/, \ o, Oo) 



and the 1-map T — )■ M(J-', J-"), defined by 

(o, ao) h^ (o, ao,id, o, tto), 
are holomorphic maps. Moreover, given J-", J-"', J-"" i/ie fibered product 

has, in view of the first part of the theorem, the structure of a complex mani- 
fold, and the multiplication map, 

M(^',r').x,M(^, J") ^ M(J-, J-"), 
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X = Si U S2 U S3 U S4 





\x\ 



Figure 7: The object set is X. Only some of the arrows are given in the 
figure. This figure shows how the circle 5"^ can be obtained as the orbit 
space of an etale proper Lie groupoid. These groupoids play the same role 
an atlas plays in the manifold theory. Modeling the notion of an equivalence 
of smooth atlases in the present context gives equivalent orbifold structures. 

defined by 

((o', a^,, (p, o", a'^„), (o, tto, ip, o', a^/)) ^ (o, «„, o ^, o", a'^„), 
is a holomorphic map. 

The above theorem is the building block for a complex orbifold structure 
on the space 7V° of equivalence classes of connected and stable noded Riemann 
surfaces. We begin with the complex structure. If g, k are nonnegative 
integers satisfying 2g + k > 3,we denote by N'g^k the connected component of 
AT consisting of elements of noded Riemann surfaces having arithmetic genus 
equal to g and k marked points. This component is a compact topological 
space. We thus can find finitely many sets J^i, . . . , Tm so that the union of 
their images under the natural maps p : J-" — > A/°, defined by p(o, Oo) = [«o], 
is equal to 1^ g^k- We denote by X^ ^ the disjoin union of the sets J-i, where 
1 < z < 777,, and by X^^ the disjoint union of the sets M(J-'j, JT,), where 
i ^ i,j ^ "m- We view Xg^^ as the object set in a small category having 
the set Xg fc as its morphism set. The object and the morphism sets are 



31 



equipped with the structure of complex manifolds, so that in view of the 
previous theorem all category operations are holomorphic. The source and 
target maps s, t are surjective locally biholomorphic maps and the map 

is proper. Therefore the category Xg^k is a proper etale Lie groupoid as 
described in [35l [36] . Finally, we have a natural homeomorphism 

/3 : \Xg^k\ -> N'g.k ■■ \x\ -^ p{x) 

between the orbit space \Xg^k\ of Xg±, obtained by identifying two objects if 
they are connected by a morphism, and the set J^g,k- Hence the pair {Xg^k, P) 
defines a holomorphic orbifold structure on the connected component Afg^k- 
Different choices of finite collections (J-^) as introduced above define equiva- 
lent orbifold structures. For a proof we refer to [35] or |36]. An orbifold is a 
second countable paracompact space equipped with an equivalence class of 
orbifold structures. 

Remark 2.13. Let us also note that by a slight modification one obtains a 
natural orbifold structure on the space Ai of equivalence classes of stable 
noded Riemann surfaces with ordered marked points. It can be obtained 
from the above construction by admitting only biholomorphic isomorphisms 
preserving the order of the marked points. The associated space Mg^k is the 
classical Deligne-Mumford space of equivalence classes of stable Riemann 
surfaces of arithmetic genus g and k ordered marked points. 

In the previous discussion we have described a version of the classical 
DM-theory. If we study maps on the Riemann surfaces we are forced to 
choose a different gluing profile. This is a priori not obvious but follows from 
rather subtle analytical considerations. The modification is carried out in 
pT] and is as follows. 

For every family (a, v) h-> a(^a,v) we replace the logarithmic gluing profile 
by the exponential gluing profile. Therefore, we consider the family 

{a,v) h-^ (a,v) f-> a^a,v), 

of stable noded Riemann surfaces parametrized by the gluing parameters a = 
(di, . . . ,ak) for the exponential gluing profile which are related to the gluing 
parameters a = (oi, . . . , a^) belonging to the logarithmic gluing profile by 
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the following formula. If Cj = then a^ = 0. If Oj 7^ 0, we set Oj = |aj| ■ e ^^*'' 
and define a^ by a^ = |aj| ■ e"'^'^^^ where 

If we define the set Xg^k of objects as before we obtain a naturally oriented 
smooth orbifold structure on l^g^k- This is the smooth orbifold structure we 
shall need for the further constructions. In the case of an arbitrary gluing 
profile, the Definition 12.101 should be modified to the extend that in point 
(4) the partial Kodaira differentials are only required to be real linear iso- 
morphisms. One could also start the whole construction with a good but not 
necessarily complex family v h-)- j{v). Then in the corresponding construc- 
tion of the manifolds M(S, H') the source and target maps are smooth, also 
the multiplication, inversion and 1-maps are smooth. The main result here 
is the following theorem. 

Theorem 2.14. Carrying out the previous gluing constructions with the ex- 
ponential gluing profile replacing the logarithmic gluing profile, one obtains a 
naturally oriented smooth orbifold structures on the sets AT and M.g,k- We 
denote the spaces equipped with these orbifold structures by M and Ai„k- 

In [17] this result is proved directly by using an implicit function theorem. 
However, it follows alternatively from the classical (holomorphic) DM-theory 
as described above by means of a calculus lemma, also shown in [17] . 

Let us consider the connected noded Riemann surface a = {S,j,M,D) 
with (ordered) marked points. We do not require a to be stable, but assume 
that 2g + m > 3, where g is the arithmetic genus of a and m the number of 
marked points on S. Assume that G is a finite subgroup of the automorphism 
group of a and assume that we have fixed a small disk structure D invariant 
under G. Let j{v) be a deformation of j satisfying j{v) = j on the disks of 
the small disk structure. Using the exponential gluing profile we obtain the 
family 

{b,w) ^ (3^b,w) = {Sb,j{b,w),Mb,Db), {b,w) eO. 

Now we apply the forgetful map to obtain a map 

O -^ Mg,^, {b,w) ^ [(/3(M)),J. 

The space Mg,m here is the classical Deligne-Mumford space constructed by 
means of the logarithmic gluing profile. The following result (it is well-known 
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in the holomorphic context, in which the gluing profile is the logarithmic one) 
is proved in [T7] . 

Theorem 2.15. The map 

O -^ Mg,m, {b, w) ^ [(/3(6,«,)), J 

is smooth. 

This result is crucial in the construction of the GW-invariants. Note that 
we suppress here the obvious 'overhead' for A^g,m described by the sets S. 
The map in Theorem 12.151 is, of course, represented near a point in O by a 
map into some set Sj. 

Proof. We start with the family {b,w) i— )■ f3(^b,w) '■= {Sb,j{b,w),Mb,Db) of 
noded Riemann surfaces constructed by means of the exponential gluing 
profile and a smooth deformation w i— )■ j{w) which is independent of w near 
the nodal points. Further we have used a sufficiently small disk structure 
for the gluing construction. Let us add to the unstable domain components 
of {S,j,M,D) a few points outside of the small disk structure in order to 
make them stable. Call this additional set of marked points M*. We may 
assume that M* is ordered so that the set M** = M U M* of marked points 
is ordered. Then the map 

{b,w)^(3l*^) := iSb,jib,w),Mr,Db) 

is a smooth map into the space Aig,m** equipped with the smooth structure 
coming from the exponential gluing profile. Here m** = jjM** is the number 
of marked points. The identity map M-g^m** ~^ ■Mg,m** is smooth as shown 
in [17] and we can apply the following well-known result in the classical 
DM-theory. 

Proposition 2.16. The m,ap which forgets the l-th marked point and throws 
away possibly arising unstable domain components 

forget, : Mg^m** -^ Mg^m**-i 
is holomorphic. 
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If we set m = (jM and m* = fjM*, then m** = m + m*, and the map 
O — )• Aig^m, defined by {b,w) t-)- [{/^{b,w))g^^fjiJ, is the following composition 
of maps, 



ig,m 



[b, w) h-> forget^+1 o forget^+2 o • • • o forget^+^.([^['f,,^)]). 



It is a composition of smooth maps and hence the map O — )■ Mg.m is 
smooth, completing the proof of Theorem 12.151 ■ 

Finally we recall the so called "universal property" of a good uniformizing 
family (a, v) h- )■ a(a,v) of stable noded Riemann surfaces. The property claims 
for every family (6, w) h- )■ /3(^b,w) of stable noded Riemann surfaces, containing 
for some parameter value (60,'U^o) a surface (3(bo,wo) isomorphic to a surface 
(^{ao,vo) belonging to the uniformizing family, that there exists a well-defined 
map {b,w) !-!■ fi{b,w) = {a{b,w),v{b,w)) defined near {bo,Wo) and satisfy- 
ing fi{bo,Wo) = (ao,fo) so that all the surfaces /3(^b,w) are isomorphic to the 
surfaces a^(^b,w)- In order to make this statement precise we choose the sta- 
ble noded and connected Riemann surface a = {S,j,M,D) with unordered 
marked points and let 

{a,v) ^ a(a,v) = {Sa,j{a,v),Ma,Da) 
be a good uniformizing family with domain (a, i;) G O as defined in Definition 

Taking another stable connected noded Riemann surface {S',j',M',D') 
with unordered marked points, we choose a small disk structure D' on S". 
We allow the marked points in M' to belong to |D'|. Of course, M' is still 
assumed to be disjoint from the nodal points \D'\. In order to define a 
deformation M'{a) of M' we choose around every point z G M' an open 
neighborhood V{z) whose closure does not intersect \D'\. Moreover, these 
sets V{z) are chosen to be mutually disjoint. We then define the set 



y(M') = n v{^ 



zeM' 

A point a G V{M') gives rise to the associated set M'{a) of marked points 
of S' in the following called a deformation of the marked points M'. If 
a changes smoothly, the set of marked points M'{a) changes, by definition, 
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smoothly. We now take a C°° neighborhood U of the complex structure 
/ and denote by U-qi the collection of complex structures k in U which 
coincide with j' on the discs |D'| of the small disk structure. With the triple 
(6, A;, a) G -B1/2 x U-di x V{M') we associate the noded Riemann surface 
/3(6,fc,o-) = {S'fj,kb,M'{a)b,D'ij) and study the surfaces for \b\ small, a close to 
(To satisfying M(cro) = M' and k close to j'. If we take a finite-dimensional 
family 

w I— >■ k{w) 

of complex structures fc which depend smoothly on a parameter w varying 
in a finite dimensional Euclidean space, then we call the map 

(6, w, a) ^ (3(b,k{u>),<7) = {S'b, k{w)b, M'{a)b, D^) 

a smooth family. The following result is proved in [17]. 

Theorem 2.17 (Universal property). We consider the good uniformizing 
family (a, v) \-^ a(^a,v) and the family {b,w, a) h- )■ P{b,k{w),a) of noded Riemann 
surfaces as introduced above and assume that there exists an isomorphism 

V' : /3(0,i',<7o) = (S",j', M'(o-o),£'') -^ {Sao,j{ao,Vo),Ma,,,Dao) = a(ao,t.o) 

between the two noded Riemann surfaces for some parameter (ao,t'o)- Then 
there exists a uniquely determined continuous germ 

(6, k, a) t-T- /i(6, k, a) = {a{b, k, a), v{b, k, a)) 

near {b,k,a) = (0,j',(To) satisfying fi{0,j',ao) = (ao,t'o) o,nd an associated 
core- continuous germ [b, k, a) — )■ 0(6, k, a) of isomorphisms 

(j){b, k, a) : P(b,k,a) -^ "/.(fe.fc,^) 

between the noded Riemann surfaces satisfying 0(0, j', ctq) = ip- 

Moreover, if w ^ k{w) is a smooth family of complex structures on S' 
satisfying k{0) = j' , then the family {b, w, a) 1— )■ 0(6, k{w), a) of isomorphisms 

4>{b,k{w),a) : P{b,k{yo),'^) ~^ «/^(6,fc(t«),(T) 
is core-smooth. 
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Figure 8: Since the domain and target are varying one needs the notion of a 
family of maps being core smooth. 

The notions of core-continuous and core-smooth, illustrated in Figure El 
are defined as follows. If {b, w, a) — >■ 0(6, k{w), a) is a family of isomorphisms 

(f){b,k{w),a) : f3(b,kiw},a) -^ a^(p^k{w),u) 
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between the noded Riemann surfaces, we fix {bo,Wo,ao) in the parameter 
space. If the point z in S^ is not a nodal point, then its image ( under 
(f){bo,k{wo),ao) in Sa(bo,k(m),'^o) is also not a nodal point of the target sur- 
face a^(feo,fc(wo),o-o)- If ^ is i'^ ^^^ core, a neighborhood of z can canonically 
be identified with a neighborhood of z viewed as a point in 5". li z does 
not belong to a core, we find a nodal pair {x', y'} G -D' and can identify z 
with a point in Dr^r \ {x'} or with a point in Dy> \ {y'} where -D^,/ and Dy' 
are discs belonging to the chosen small disk structure of the noded surface 
(S", j', M', D'). The same alternatives hold for the image ( oi z under the iso- 
morphism 0(6o5 k{wo), o"o). Via these identifications, the family (^{b, k{w), a) 
of isomorphisms gives rise to a family of diffeomorphisms defined on a neigh- 
borhood of z in S' into a neighborhood of ( in S. Being core-continuous 
respectively core-smooth requires that all these germs of families of isomor- 
phisms are continuous respectively smooth families of local diffeomorphisms 
in the familiar sense, between the fixed Riemann surfaces S' and S. 

2.2 Sc-smoothness, Sc-splicings, and Polyfolds 

The theory of polyfolds developed in [20]- [23] generalizes the theory of Banach 
manifolds. The theory is based on a new concept of differentiability which 
allows, in particular, to view analytically intricate limiting phenomena like 
bubbling off or stretching the neck, as smooth phenomena. In this subsection 
we recall for the convenience of the reader some of the fundamental concepts 
of this new theory. We start recalling the underlying smooth structure of 
Banach spaces, called an sc-structure. 

An sc-structure for the Banach space E consists of a nested sequence 
of Banach spaces 

E=:EoDEiD...DE^:=f]Ei 

i>0 

having the properties that the inclusion operators -Ej+i — > Ei are compact 
operators and that the vector space £"00 is dense in every Banach space Ei. 
A point belonging to E^o is called a smooth point. In the following a 
Banach space equipped with an sc-structure is called an sc-Banach space. 
A subset U G E inherits the induced sc-structure defined by the sequence 
Ui = U n Ei equipped with the topology of Ei for alH > 0. Given such an 
induced sc-structure on U, the set Ui has the induced sc-structure defined 
by the nested sequence {Ui)j := f/j+j for all j > 0, and we write W for the 
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set Ui equipped with this sc-structure. If E and F are sc-Banach spaces and 
U C E and V G F are open subsets, then U Q) V carries the sc-structure 
(U © V)i = U,® Vi. 

In the classical theory the tangent space at a point x E U (Z E has a 
natural identification with the Banach space E. In the sc-theory, points in 
U\Ui do not have a tangent space for the given sc-structure and the tangent 
space TU of the open set U C E is defined as 

TU = U^® E. 

A linear operator T : E ^ E between two sc-Banach spaces is called 
an sc-operator if it maps Em into Fm for every m such that T : Em -^ Fm 
is a bounded linear operator. An sc-isomorphism T : E ^ F is a. bijective 
sc-operator whose inverse is also an sc-operator. In order to construct spaces 
with boundary with corners, the concept of a partial quadrants C in the 
Banach space E is useful. It is a closed convex subset having the property 
that there exists an sc-Banach space W and an linear sc-somorphism T : 
E ^W®W mapping C into [0, oo)" © W. 

The tangent space of a relatively open subset U d C d E oi a. partial 
quadrant C in the sc-Banach space is defined as TU = U^ ®E. It carries the 
sc-structure (TU)i = Ui+i © Ei. 

The notion of continuity of a map generalizes naturally to sc°-maps as 
follows. A map f : U ^ U' between two relatively open subsets of the 
partial quadrants in sc-Banach spaces is an sc°-map, if f{Ui) C U- for all 
i > and if the induced maps f : Ui ^ U- are continuous. Next we recall 
the generalization of a smooth map between sc-Banach spaces, called sc- 
smoothness. 

Definition 2.18. Let U and U' be relatively open subsets of partial quad- 
rants C and C in the sc-Banach spaces E and E', respectively. An sc°-map 
/:[/—)■ f/' is called an sc^-map, or of class sc^, if the following conditions 
are satisfied. 

(1) For every x G f/i there exists a bounded linear map Df[x) G C{Eo, Eq) 
satisfying for h E Ei, with x + h E Ui, 



\\h\\i 



\\f{x + h)- fix) - Df{x)h\\o ^ as \\h\\, ^ 0. 
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(2) The tangent map Tf : TU — t- TU', defined by 

Tf{x,h) = if{x),Dfix)h), 
is an sc'^-map between the tangent spaces. 

If Tf : TU — > TU' is of class sc^, then f : U ^ E' is called of class 
sc^. Proceeding inductively, the map f : U ^ E' is called of class sc'^ if the 
sc°-map T*^-V : T^-^U -^ T'^'^E' is of class sc^ Its tangent map T{T''-^f) 
is then denoted by T'^f. It is an sc°-map T'^U — )■ T'^E' . A map which is of 
class sc'^ for every k is called sc-smooth or of class sc°°. 

The cornerstone of the sc-calculus, the chain rule, holds true and one 
concludes by induction that the composition of sc°°-maps is again of class 
sc~. 

A fundamental role in the definition of an M-polyfold is played by the 
sc-smooth retractions introduced next. 

Definition 2.19. Let U <Z C d E he a. relatively open subset of the partial 
quadrant C in the sc-Banach space E. An sc°°-map r : U ^ U is called 
an sc-smooth retraction or an sc°°-retraction if r satisfies r or = r. The 
image O = r{U) is called an sc°°-retract. 

In view of the chain rule, the tangent map Tr : TU — t- TU of an sc- 
smooth retraction r : U -^ U satisfies Tr o Tr = Tr, and hence is again an 
sc-smooth retraction. 

Given a partial quadrant C in an sc-Banach space E, we define the de- 
generation index 

dc-.c^no 

as follows. We choose a linear sc-isomorphism T : E ^ 'R'' (B W satisfying 
T{C) = [0, cx))'' © W. Hence for x eC,we have 

T(x) = (ri,...,rfc,w) 

where (ri, . . . ,rfc) G [0, oo)'^ and w G W. Then we define the integer dc{x) 
by 

dc{x) = ^{ie{l,...,k}\r, = 0}. 

It is not difficult to see that this definition is independent of the choice of an 
sc-linear isomorphism T. 

The following concept will replace open subsets of Banach spaces in the 
classical definition of a local chart of a Banach manifold. 
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Definition 2.20. A local M-polyfold model is a triple (O, C, E) in which E 
is an sc-Banach space, C is a partial quadrant of E, and O is a subset of C 
having the following properties: 

(1) There is an sc-smooth retraction r : U ^ U defined on a relative open 
subset U oi C so that O = r{U). 

(2) For every smooth point x G Ooo, the kernel of the map {id— Dr{x)) 
possesses an sc-complement which is contained in C. 

(3) For every x E O, there exists a sequence of smooth points (x^) C Oqo 
converging to a; in O and satisfying dc{xk) = dc{x). 

The choice of r in the above definition is irrelevant as long as it is an 
sc-smooth retraction onto O defined on a relatively open subset U of C. 

We would like to point out that in contrast to the smooth retracts in 
Banach manifolds, which are submanifolds, the sc-smooth retracts can be 
very wild sets having locally varying dimensions. 

Note that an sc°°-retract O G C G E has a tangent space TO G TC G 
TE, defined by TO = Tr(TU), where we can take any sc°°-retraction r : 
U^UjUgCgE, which has O as its image. Consequently, we can define 
the tangent T{0, C, E) of a local M-polyfold model (O, C, E) as 

T{0,C,E) := {TO,TC,TE). 

The constructions in this present paper, unlike the second part, only 
involves polyfolds without boundaries. Hence the relevant local M-polyfold 
models are of the form {0,E) := {0,E,E), where O is an sc°°-retract, i.e. 
the image of an sc-smooth map r : U ^ U defined on an open subset U of 
E and satisfying r o r = r. 

In our applications of the polyfold theory later on, the retractions are 
derived from sc-smooth splicings, which are the distinguished sc-smooth re- 
tracts defined as follows. 

We consider a relatively open subset V oi a. partial quadrant C in the sc- 
Banach space W and let E be another sc-Banach space. Then we consider 
a family ir^ : E ^ E oi linear bounded projections parametrized hj v G V 
such that the map 

IT : V®E^E 

defined by 7r(t', e) = vrt,(e) is sc-smooth. We point out that it is not required 
that the map v i— )■ vr^, is continuous in the operator topology. The triple 
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S = (vr, E, V) is called an sc-smooth splicing. The associated splicing 
core K = K^ is the set 

K = {{v,e) Gl/©E|7r„(e) = e}. 

Clearly, V ® E is a, relatively open subset of the partial quadrant C ® E in 
the sc-Banach space W ® E and the sc-smooth map 

r : V ®E ^ V ®E 

defined by r(f,e) = (f,7r„(e)) satisfies r or = r and hence is an sc-smooth 
retraction onto the retract riV ® E) = K. 

So far we have defined the sc-smoothness of maps between open subsets 
of sc-Banach spaces and use it now to define the sc-smoothness of mappings 
between local models as follows. 

Definition 2.21. A map / : {0,C,E) -^ {0',C',E') between two local M- 
polyfold models is of class sc^ if the composition / o r : f/ — )■ £" is of class 
sc^ where U C C C E is a relatively open subset of the partial quadrant C 
in the sc-Banach space E and where r : f/ — )■ t/ is an sc-smooth retraction 
onto r{U) = O. 

The chain rule generalizes to sc^-maps between sc-smooth local models. 

Having the local models available we now generalize the concept of a 
manifold and introduce the notion of an M-polyfold. 

Let X be a metrizable topological space. An M-polyfold chart for X is a 
triple {U, if, (O, C, E)), in which U is an open subset of X, (O, C, E) is a local 
M-polyfold model and </? : f/ — )■ O is a homeomorphism. Two such charts 
{U,ip,{0,C,E)) and {W , (p' , {O' , C , E')) are called sc-smoothly compatible 
if the transition maps 

(p' o (^-1 : ^{u n u') -^ if'iu n u') 
if o {if')-^ : ^'{u n u') -^ ip{u n u') 

are sc-smooth. Note that the sets ip{UnU') and ip'{UnU') are sc°°- retracts 
for sc-smooth retractions defined on relatively open subsets of partial quad- 
rants C and C in sc-Banach spaces E and E', respectively. An sc-smooth 
atlas for X consists of a family of sc-smoothly compatible charts so that their 
domains cover X. 
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Definition 2.22. Let X be a metrizable topological space. A maximal 
atlas of sc-smoothly compatible M-polyfold charts is called an M-polyfold 
structure on X. 

We note that X can have a boundary with corners or no boundary de- 
pending on whether in the charts {U, ip, (O, C, E)) we have C = E or not. M- 
polyfold versions of etale and proper Lie-groupoids are called ep-groupoids. 
In order to define them it is useful to first recall the concept of a groupoid. 

Definition 2.23. A groupoid is a small category whose morphisms are 
all invert ible. 

Recall that the category & consists of the set of objects G, the set G of 
morphisms (or arrows) and the five structure maps (s, t, i, u, m). Namely, the 
source and the target maps s,t : G —> G assign to every morphism , denoted 
by g : X ^ y, its source s{g) = x and its target t{y) = y, respectively. The 
associative multiplication (or composition) map 

m : G^x^G — )■ G, m{h,g) = hog 

is defined on the fibered product 

GsXtG = {{h,g)eGxG\s{h) = t{g)}. 

For every object x G G, there exists the unit morphism 1^. : x i— )■ x in G 
which is a 2-sided unit for the composition, that is, gol^ = g and l^o h = h 
for all morphisms g,h & G satisfying s{g) = x = t{h). These unit morphisms 
together define the unit map m : G — >■ G by u{x) = Ix- Finally, for every 
morphism g : x ^ y in G, there exists the inverse morphism g~^ : y ^ x 
which is a 2-sided inverse for the composition, that is, g o g~^ = ly and 
g~^ o g = 1^. These inverses together define the inverse map i : G — )■ G by 
i{g) = g~^. The orbit space of a groupoid 0, 

|0| =G/~, 

is the quotient of the set of objects G by the equivalence relation ~ defined 
by a; ~ y if and only if there exists a morphism g : x ^-^ y. The equivalence 
class {y E G\ y r^ x} will be denoted by 

|x| := {y e G\y r^ x}. 
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li x,y E G are two objects, then G{x,y) denotes the set of all morphisms 
g : X ^-^ y. In particular, for x G G fixed, we denote by G(x) = G(x, x) the 
stabilizer (or isotropy ) group of x, 

G{x) = {morphisms g : x ^-^ x}. 

For the sake of notational economy we shall denote in the following a groupoid, 
as well as its object set by the same letter G and its morphism set by the 
bold letter G. 

Ep-groupoids, as defined next, can be viewed as M-polyfold versions of 
etale and proper Lie-groupoids discussed e.g. in [3S] and 



Definition 2.24. An ep-groupoid X is a groupoid X together with M- 
polyfold structures on the object set X as well as on the morphism set X so 
that all the structure maps {s, t, m, u, i) are sc-smooth maps and the following 
holds true. 

• (etale) The source and target maps s and t are surjective local sc- 
diffeomorphisms . 

• (proper) For every point x E X , there exists an open neighborhood 
V{x) so that the map t : s~^{V{x)) -^ X is a proper mapping. 

We point out that if X is a groupoid equipped with M-polyfold structures 
on the object set X as well as on the morphism set X, and X is etale, then 
the fibered product X^x^X has a natural M-polyfold structure so that the 
multiplication map m is defined on an M-polyfold. Hence its sc-smoothness 
is well-defined, see Lemma 12.291 below. 

In an ep-groupoid every morphism g : x ^ y can be extended to a 
unique local sc-diffeomorphism t o s~^ satisfying s{g) = x and t{g) = y. 
The properness assumption implies that the isotropy groups G(x) are finite 
groups. 

The orbit space \X\ of the ep-groupoid is equipped with the quotient 
topology. 

An sc-smooth functor F : X ^ Y between two ep-groupoids is called an 
equivalence if it possesses the following properties. 

(1) F is a local sc-diffeomorphism on objects as well as on morphisms. 

(2) The induced map \F\ : |X| — )■ \Y\ between the orbit spaces is an sc- 
homeomorphism. 
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(3) For every x G X, the map F induces a bijection G^ — )■ Gf{x) between 
the isotropy groups. 

A polyfold structure on the metrizable topological space Z is a pair (X, (3) 
in which X is an ep-groupoid and 

P:\X\^ Z 

a homeomorphism from the orbit space \X\ of the ep-groupoid X onto Z. 
Two such polyfold structures [X,^) and [X' ,13') are called equivalent, 

(X,/3)~(X',/3'), 
if there exists a third polyfold structure (X", /3") on Z and two equivalences 

x^x" ^ X' 

between the ep-groupoids satisfying 

/3" = /3o|F| = /3'o|F'|. 

Definition 2.25. A polyfold is a metrizable topological space Z equipped 
with an equivalence class of polyfold structures. 

In order to recall the concept of a strong bundle over an M-polyfold, we 
consider two sc-Banach spaces E and F and let [/ C C C -E be an open 
subset of a partial quadrant C oi E. By f/ < F we denote the space U ® F 
equipped, however, with the double filtration 

{U < F)m,k = Um® Fk, for m > and < A; < m + 1. 

Associated with U < F we have the two sc-spaces 

U®F and U ® F\ 

An sc-smooth strong bundle map ^:U<F^>-V<G is a. map of the form 

^u,h) = {f{u),^{u,h)) 

which is linear in h and for which the two maps 

U®F' ^V®G\ i = Oandi = l, 

are sc-smooth. 
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Definition 2.26. An sc-smooth strong bundle retraction R:U<F^U<F 
is an sc-smootli strong bundle map satisfying Ro R = R. 

It is of the form R{u, h) = {r{u), p{u, h)). In particular, r o r = r so that 
r is a retraction oi U G C G E. We shall abbreviate the associated retracts 
by 

O = r{U) gC gE 

K = R{U <F)gC<FgE<F 

and denote by 

p : K ^ O, p{u, h) = u 

the projection map. This map is the local model for a strong bundle. The 
retract K is equipped with the double filtration Km^k ioi Q < k < m + 1 
and p induces the maps Km,k -> Om. By definition, the retraction R : 
U ® F ^ U ® F is an sc-smooth map and we denote by K{Q) the associated 
retract equipped with the filtration A'(0)m = K^^^n- Also the retraction R : 
U ®F'^ — )■ U ®F'^ is, by definition, an sc-smooth map and we denote by K{1) 
the corresponding retract equipped with the filtration K{l)m = Km,m+i- The 
projection p : K ^ O defines the two sc-smooth maps 

p : K{ld) -> O and p : K{1) -^ O. 

Hence the bundle map K{1) — )■ K{{]) over the identity map O — )■ O is a 
fiberwise compact map. This fact is a very useful tool in the perturbation 
theory of Fredholm sections. 

Definition 2.27. An sc-smooth section / of the local strong bundle model 
p : K ^ O is an sc-smooth map f : O ^ K{0) satisfying p o / = id, 
where K{0) is equipped with the filtration K{0)jn = Km,m- An sc^-section 
oi p : K -^ O is an sc-smooth section which is also an sc-smooth map 
O — i> K{1), where K{1) is equipped with the filtration K{l)m = Km,m+i- 

We now consider the metrizable spaces X and Y and assume that there 
exists a continuous and surjective map 

P: Y ~^X 

having the property that for every x G X, the preimage P~^{x) posses the 
structure of a Banach space. 
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Then a strong bundle chart (\1/, V, K) of the bundle P : Y ^ X consists 
of an open subset V G X, a strong local bundle model K -^ O and a home- 
omorphisni \E' : P~^{V) — )■ K which covers a homeomorphism tp : V ^ O 
and which between every fiber is a bounded linear operator of Banach spaces. 

P-\V) -^ K 



V -^ O. 



Two such strong bundle charts are sc-smoothly compatible if the transi- 
tion map is an sc-smooth strong local bundle diffeomorphism. 

We recall that ii K ^ O and K' — )■ O' are two strong local bundle models, 
then an sc-smooth strong local bundle map f : K ^ K' is oi the form 

f{u,h) = (/o(m),/i(m,/i)), 

linear in h, where /o : O — > O' is an sc-smooth map and where / induces the 
two sc-smooth maps 

/ : K{i) -> K'{{) for i = and i = 1. 

Definition 2.28 (Strong bundle over an M-polyfold) . The bundle map 
P : y — )■ X equipped with a maximal atlas of sc-smoothly compatible strong 
bundle charts is called a strong bundle over the M-polyfolds X. 

If P : y — )■ X is a strong M-polyfold bundle over the M-polyfold X we 
distinguish two types of sections of P. An sc-smooth section of P is a map 
f : X ^ Y satisfying P o / = id. Moreover, /(x) e Ym,m. = ^(0)m if 
X G Xm and / : X — > y(0) is sc-smooth. An sc+-section of P is a section 
which satisfies /(x) G Y„^^rn+i = ^(l)»n if x G X^ and the induced map 
/ : X — > F(l) is sc-smooth. We shall denote these two classes of sections by 
r(P) and r+(P), respectively. For a detailed discussion of these concepts we 
refer to [T5]. [22] and [23]. 

Finally, in order to recall from [22] (section 2.4) the notion of a strong 
bundle over an ep-groupoid we start with the ep-groupoid X = (X, X) and 
with a strong bundle p : E -^ X over the object set of the ep-groupoid, and 
we recall the following lemma in [22] (Lemma 2.8). 
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Lemma 2.29. Let X , Y and Z be M-polyfolds. Assume that f : X ^ Y 
is a local sc-diffeomorphism and g : Z ^ Y is an sc-smooth map. Then the 
fibered product 

XfXgZ = {{x,z) e X X Z\f{x) = g{z)} 

has a natural M-polyfold structure and the projection map 1x2 '■ XjXgZ — )■ Z 
is a local sc- diffeomorphisms . 

Since the source map s : X — )• X is, by definition, a local sc-diffeomorphism, 
the fibered product 

X.XpE = {{g, e)eXxE\ s{g) = p{e)} 

is an M-polyfold in view of the lemma above. Moreover, the bundle 

E :^ ji.gXpE — — >■ X, 

defined by the projection iTi^g, e) = g onto the first factor is, as the pull-back 
of the strong M-polyfold bundle p : E ^ X hj the source map s : X — )■ X, 
also a strong M-polyfold bundle, in view of Proposition 4.11 in [20] . 
Next we assume that there is a strong bundle map 

/i: E->E 

covering the target map t : X — )■ X, so that the diagram 

E -^ E 



X — ^ X 

is commutative. 

We require that this strong bundle map fi : E -^ E has the following 
additional properties. 

(1) /i is a local sc-diffeomorphism from E{i) onto E{i) for i = 0,1 and is 
linear on the fibers E^. 

(2) /i(l^., Cr,) = Cx for all X G X and Cn, G E^. 

(3) /i(/i o g,e) = fi{h, fi{g, e)) for all e G -E and g,h E ^ for which s{h) = 
t{g) and s(t) = p{e). 
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Actually property (1) is a consequence of the properties (2) and (3). Indeed, 
the bundle map /i : E — )■ i? is, by definition linear and, in view of (2) 
and (3), fiberwise a bijection. In order to verify that /i induces local sc- 
diffeomorphisms for i = 0,1, we choose a point {g,e) G E(z) viewed as an 
element of E, and choose an open neighborhood U C X around g, so that 
the restriction of the target map 

r:=t|U:U^f/:=t(U) 

is an sc-diffeomorphism. Then n^^iJJ) is an open neighborhood of {g,e) in 
E and the restricted map 

^i : n^\V) ^ p~\U) (*) 

induces the sc-smooth and bijective maps E(i)|U — t- E{i)\U. From the prop- 
erties (2) and (3) again, it follows that the map 

e ^ (r~^ o p(e), /i([r~^ o p(e)]~\ e)) 

defined for e G E\U, is the inverse of the map (*). Since it is an sc- 
smooth map E{i)\U — >■ E(i)|U for i = 0,1, the map /i is indeed a local 
sc-diffeomorphism and property (1) is proved. 

As proved in [22] (section 2.4), the above two strong bundles p : E —> X 
and TTi : E — > X define, in view of the properties of the map /x, the ep- 
groupoid 

E = {E,E) 

having E is its objects and E as its morphisms. The map /i : E — )■ £" is 
the target map and the projection 712 : E — > i? onto the second factor is the 
source map of this ep-groupoid. This ep-groupoid could be called a strong 
bundle ep-groupoid over the ep-groupoid {X, X) via the functor 

P:(p,7ri):E = (^,E)^X = (X,X) 

between the two ep-groupoids. 

Definition 2.30 (Strong bundle over the ep-groupoid X = (X, X)). A 
pair {E, fi) in which p : E ^ X is a strong bundle over the object M-polyfod 
X of the ep-groupoid {X, X) and in which fi : E ^ E is a strong bundle map 
possessing the above properties (l)-(3), is called a strong bundle over the 
ep-groupoid X = (X, X). 
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Later on we shall sometimes refer to the above functor P : E -^ X, which 
is deduced from {E,fi), as to the strong bundle over the ep-groupoid. Next 
we recall from |22] the notion of a strong polyfold bundle structure for the 
continuous surjection map p : W ^ Z between two paracompact second 
countable spaces. 

Definition 2.31 (Strong polyfold bundle structure). A strong polyfold 
bundle structure on p : W ^ Z consists of a triple {P : E ^ X,T,'j) in 
which P : E -^ X is a strong bundle over the ep-groupoid X inducing the 

map \P\ : \E\ — )■ |X| between the orbit spaces, and in which the maps 

T -.{El^W 
7: |X| ^Z 

are homeomorphism between the orbit spaces \E\ resp. \X\ and W resp. Z, 
satisfying 

po r = 7 o |P| 

so that the diagram 



1^1 



W 



\P\ 



> IXI 



-> z 



commutes. 

The reader should consult [22] for the equivalence of strong bundle struc- 
tures over ep-groupoids. 

2.3 Polyfold Fredholm Sections of Strong Polyfold Bun- 
dles 

We next recall the notion of a (polyfold) Fredholm section from [26]. The 
notion is much more general than the classical notion of a Fredholm section. 
The first property of a Fredholm section we require is the regularization 
property, which models the outcome of the elliptic regularity theory. 
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Definition 2.32. Let P : F — )> X be a strong M-polyfold bundle over the 
M-polyfold X. A section / G r(P) is said to be regularizing if the following 
holds. If X G Xm and f{x) G Ym,m+i, then x G X^+i- 

We observe that if / G r(P) is regularizing and s G r+(P), then / + s is 
also regularizing. 

We now consider a strong local bundle K -^ O. Here K = R{U < F) is 
the sc-smooth strong bundle retract of the sc<|-smooth retraction 

R(u,h) = {r{u), p{u)h) 

where p{u) : P — )■ P is a bounded linear map. Moreover, O stands for 
the retract O = r{U). We assume that G O and we are interested in 
germs of sections (/, 0) of the strong local bundle K ^ O defined near 0. 
Identifying the local section germ with its principal part we view (/, 0) as a 
germ C(0, 0) -^ P. 

Definition 2.33. We say that the section germ (/, 0) of the strong local 
bundle K —> O has a filled version if there exists an sc-smooth section 
germ {g, 0) of the bundle U < F ^ U, again viewed as a germ 

O{U,0)^F, 

which extends / and has the following properties: 

(1) g{x) = f{x) for X G O close to 0. 

(2) If g{y) = p{r{y))g{y) for a point y in U near 0, then y E O. 

(3) The linearisation of the map 

y^ [id-p{r{y))\g{y) 

at the point 0, restricted to kerPr(O), defines a topological isomor- 
phism 

ker(Pr(0)) -^ ker(p(0)). 

The significance of this definition is, that given a solution x of f{x) = 0, 
the local study of the solution set f{y) = for y E O near x of the section 
/, is equivalent to the local study of the solution set g{y) = ioi y E U near 
X of the filled section g. If y G f/ is a solution of the filled section g so that 
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g{y) = 0, then it follows from (2) that y & O and from (1) that f{y) = 0. We 
see that the original section / and the filled section g have the same solution 
set. 

The requirement (3) plays a role if we compare the linearization Df{0) 
with the linearization Dg{0). It follows from the definition of a retract that 
p{r{y)) o p{r{y)) = p{r{y)). Hence, since y = G O we have r(0) = and 
p(0) o p(0) = p(0) so that p(0) is a linear sc-projection in F and we obtain 
the sc-splitting 

F = p(0)F©(id-p(0))F. 

Similarly, it follows from r{r{y)) = r{y) for y &U that Dr(0)oZ}r(0) = Dr(0) 
so that Dr(0) is a linear sc-projection in E which gives rise to the sc-splitting 

a © /3 G E = Dr(0)E © (id -Dr{<d))E. 

We keep in mind that Dr(0)a = a and i5r(0)/3 = 0. The tangent space TqO 
is equal to Dr{0)E and 

p(0) o Dg{0)\Dr{0)E = Df{0) : TqO ^ p(0)F. 

From the identities 

p{r{y))g{r{y)) = p{y)g{y) for all y G O 

and 

(id— p(r(y))5f(r(y)) = for all y E E 

we obtain by linearization at y = that p(0)D5'(0)/3 = and (id —p{0))Dg(0)a 
0. Hence the matrix representation of Dg{0) : E ^ F with respect to the 
splittings looks as follows. 



Dg{0) 



Df{0) 

{id-p{0))oDgiO) 



In view of property (3), the linear map /3 H- (id —p{0))Dg{0) from the kernel 
of Dr{0) onto the kernel of p(0) is an isomorphism. Therefore, we conclude 
that 

kernel Dg{0) = (kernel Df{0)) © {0}. 

Moreover, Df{0) : TqO — ?■ p{0)F is a Fredholm operator if and only if Dg{0) : 
E ^ E is a. Fredholm operator and in this case they have the same indices. 
Clearly, the linearization Df[0) is surjective if and only if Dg{0) is surjective. 
For more details see |26j . 
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Proposition 2.34. If the section germ (/, 0) of the strong local bundle K — )■ 
O has the filled version ((7,0), then the section germ (/ + s,0) has the filled 
version ((7 + s o r, 0) for every sc'^ -section s of the bundle K ^ O. 

Proof. We show that if t is the sc"'"-section of f/ < F — )■ F defined by t{y) = 
s{r{y)), then {g + t, 0) is a filled version of (/ + s,0). In order to verify 
property (1) ioi g + t we take x E O and obtain, using r(x) = x, that 
{g + t){x) = g{x) + s{r{x)) = f{x) + s{x) which is property (1). 

If {g + t){y) = p{r{y)){g + t){y) for some y E U, we conclude, using 
Pir{y))t{y)) = t{y), that g{y) = p{r{y))g{y). Therefore, y e O hy property 
(2) oi g. Finally, using [id— p(r(y))]t(y) = 0, we obtain 

[id~p{r{y))]{g{y) + t{y)) = [id -p{r{y))]g{y). 

Hence, in view of property (3) for g, the linearisation of the left-hand side 
at y = 0, if restricted to the kernel of Dr{0), satisfies the property (3) for 

g + t. m 

Next we introduce a class of so-called basic germs denoted by €hasic- 

Definition 2.35 (Sc°-contraction germ). An element in Cbasic is an sc- 
smooth germ 

/ : 0{W © W, 0) ^ (M^ © IV, 0), 

where W is an sc-Banach space, so that if P : M^ (B W -^ W denotes the 
projection, then the germ P o f : C)(]R" © IV, 0) — )■ {W, 0) has the form 

P o /(a, w) = w — B{a, w) 

for {a,w) close to (0,0) G M" © Wq. Moreover, for every s > and 772 > 0, 
we have the estimate 

\B{a, w) — B{a, w')\m < e ■ \w — w'\m 

for all (a, w), (a, w') close to (0, 0) on level m. 

We are in the position to define the notion of a Fredholm germ. 

Definition 2.36. Let P : Y -^ X he a. strong bundle, x G X^, and / a 
germ of an sc-smooth section of P around x. We call (/, x) a Fredholm 
germ provided there exists a germ of sc"'"-section s of p near x satisfying 
s{x) = f{x) and such that in suitable strong bundle coordinates mapping x 
to 0, the push-forward germ (7 = $^,(/ — s) around has a filled version g so 
that the germ {g, 0) is equivalent to a germ belonging to Cbasic- 
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Let us observe that tautologically if (/, x) is a Fredholm germ and Sq 
a germ of sc"'"-section around x, then (/ + Sq,x) is a Fredholm germ as 
well. Indeed, if (/ — s, 0) in suitable coordinates has a filled version, then 
((/ — So) — {s — So), 0) has as well. 

Finally, we can introduce the Fredholm sections of strong M-polyfold 
bundles. 

Definition 2.37. Let P : Y —>■ X he a strong M-polyfold bundle and / G 
r(p) an sc-smooth section. The section / is called polyfold Fredholm 
section provided it has the following properties: 

(1) /is regularizing. 

(2) at every smooth point x G X, the germ (/, x) is a Fredholm germ. 

If (/, x) is a Fredholm germ and f{x) = 0, then the linearisation f'{x) : 
TxX — )■ Tf(^x)Y is a linear sc- Fredholm operator. The proof can be found in 
[2T] . If, in addition, the linearization f'{x) : T^X — )■ T/(a;)y is surjective, 
then our implicit function theorem gives a natural smooth structure on the 
solution set of f{y) = near x as the following theorem from [2T] shows. 

Theorem 2.38. Assume that P : Y ^ X is a strong M-polyfold bundle and 
let f be a Fredholm section of the bundle p. If the point x E X solves f{x) = 
and if the linearization at this point f'{x) : T^X — )■ Tf(^x)Y is surjective, there 
exists an open neighborhood U of x so that the solution set 

Su := {y G U\ f{y) = 0} 

has in a natural way a smooth manifold structure induced from X . In addi- 
tion, Su C Xoo. 

2.4 Gluings and Anti-Gluings 

In this section we carry out the gluing and anti-gluing constructions for maps 
from conformal cylinders into M^". We start with the formal aspects of these 
constructions for continuous maps. For this part we can use any gluing 
profile, however, to prove sc-smoothness of the expressions for gluing and 
anti-gluing it will be important to use the exponential gluing profile given by 

ip{r) = e^/'' - e, rG (0,1]. 
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We first introduce the domains on which the glued and anti-glued maps 
will be defined. Let a G -Bi C C be the disk of radius h If a = 0, we define 

2 ^ 

the set Zq as the disjoint union of two half- cylinders 

Zo = (M+ X 5i)|J(M" X S^). 

-2-Ki^ and define the gluing length R by 



If a 7^ 0, we represent a as a = |a| ■ e 
means of the gluing profile as 



R = ^{\a\). 

Now we introduce the abstract infinite cylinder Ca- We take the disjoint 
union of the half-cylinders IR+ x S^ and M~ x S^ and identify the points 
(s,t) G [0,i?] X S^ with the points (s',t') G [-i?, 0] x S^ if they satisfy the 
relation 

s = s + R and t = t' + -d. 



xS' 



R 



{s,t) 




[s',t') 



xS' 




Figure 9: Glued infinite cylinders Ca 

This identification is compatible with the standard conformal structure 
on the cylinders. There are two global conformal coordinates on Ca defined 
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by 



and 



Ca^MxS\ [S,t]^{s,t), 



Ca^MxS\ [S',t']' ^{S',t'). 

The first coordinates are the extension of the coordinates (s, t) for s > and 
the second are the extension of the coordinates {s',t') for s' < 0. Clearly, if 
[s,t] = [s',t']', then s G [0,R], s' G [-R,0] and s = s' + R and t = t' + ^. 
The infinite cylinder Ca contains the finite sub-cylinder Za defined by 

Za = {[s,t]\ {s,t) G [0,R] X S'} = {[s',t']'\ {s',t') G [-R,0] X S'}. 



+ xS^ 



S^ -R 



/ 
1 
1 


\ 

\ 
1 


1 
\ 
\ 


1 




[s,t] 



Figure 10: Glued finite cylinders Za 

One should think of the coordinates (s, t) G IR+ x S^ and (s', t') eM^xS^ 
as holomorphic polar coordinates on the annuli D^,. \ {x} and Dy \ {y} in the 
disks of the small disk structure belonging to the nodal pair {x,y}. In this 
case the gluing parameter a = a{x,y} described in Section 12.11 defines the 
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neck region Za^^^^y The infinite cylinder Ca will be used to describe data 
which otherwise would be lost during the gluing process. This is not too 
important for the Deligne-Mumford theory but it is crucial once we consider 
maps defined on the Riemann surfaces. 

In order to define the gluing and anti-gluing construction for maps we need 
to fix additional data. We choose a smooth cut-off function /3 : M — )■ [0, 1] 
having the following properties: 

• /3(-s) + (3{s) = 1 for all s G M 

• /3(s) = 1 for all s < -1 

• (3'{s)<0 for all sG (-1,1). 

If a G C is a gluing parameter and R = f{\a\) the associated gluing 
length, we introduce the translated function f3a = f^R :M ^M defined by 

In order to define the basic M^"-gluing ©„, we take a pair (m+,m~) of 
continuous maps 

satisfying 

lim M^(s,t) =: n"'"(oo) = u~(— oo) := lim u~{s,t) 

s—>oo s—^—oo 

uniformly in t. We call the constant c := n+(oo) = n~(— oo) the common 
asymptotic constant of the pair (n~, n+) and we say that u^ possess asymp- 
totic matching conditions. For such a pair of maps we define the glued map 

for a gluing parameter a as follows. If a = 0, we define 

©o(m^,m~) := («"*",«"). 
If < \a\ < |, we define 

©a(M+,M")([s,t])=/3a(s)-M+(s,t) + (l-/3,(s))-M"(s-i?,t-^). 
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We will always use the coordinates [s, t] on Za for a ^ 0. The formula in the 
coordinates [s', t']' looks similar. The above procedure is a "nonlinear gluing" 
of maps into M^". We shall see below how to replace M^" by a manifold. 

Fixing a pair {u^,u~) of maps as above, we shall define the glued and 
anti-glued maps for pairs of vector fields {h^, h~) along the pair (u"*", u~) of 
curves so that h^{s, t) G Tu±(^s,t)^'^"' = I^^"- We denote by E the vector space 
of pairs {h^, h~) of continuous maps 

/i± : M± X 5^ -> M^" 

satisfying 

lim h^{s,t) =: /i^(oo) = /i^(— oo) := lim h~{s,t) 

uniformly in t, where /i^(±oo) are the asymptotic constants in M^". For a 
pair {h+,h~) G E, we define the glued vector field ©a(/i+,/i") : Za -^ ffi^" 
by the same formulae as before. Namely, if a = 0, we set 

®o{h^,h~) = ih+,h-), 

and if < \a\ < |, we define 

®a{h+, h-){[s, t]) = /3„(s) ■ h+{s, t) + (1 - /3a{s)) ■ R- {s - R,t - d). 

We may view ©^(/i"'', h~) as a vector field along the glued map ©^(n''', n~). 
If exp is the exponential map on R^" with respect to the Euclidean metric, 
then, given the pair of vector fields (/i^, h~) G E along the pair (m+,m~), so 
that 

exp(„+,„-)(/i^,/i~) = (u+ + /i+,M" + /i^), 

we obtain the formula, 

©a (exp(„+^„-)(/i+, h~)) = expgg^(„+^„-)(©a(/i+, h")). (1) 

Next we introduce the operation of anti-gluing for vector fields. The 
anti-glued vector field 

©,(/i+,/i-):a^M2" 

is defined as follows. If a = 0, we set 

©,(/i+,/i-) = (0,0) 
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and if < \a\ < |, we define 



ea{h+, h~){[s,t]) = -(1 - (3a{s) ■ [h+{s,t) - av,(/i+, h~)] 

+ Pais) ■ [h-{s -R,t-d)- avaih-^, h-)]. 

The average is tlie number 
av,(/i+, h~) := ^ {[h+]R + [h-]n) where [h^U := f h^ (±^, tj dt. 

The anti-glued map possesses antipodal asymptotic constants, 

Qa{h+, /i~)(-oo) = -Qa (/i+, h~){+oo). 

Remark 2.39. Let us summarize the above discussion. The gluing and anti- 
gluing constructions will be later on implanted into the manifold setting. The 
following view point about the M^"-case will be useful. One fixes a smooth 
pair {uq,Uq) with vanishing asymptotic constant. We refer to {uq,Uq) as 
the base pair. We consider nearby pairs (u"*", u~) with matching asymptotic 
constants. For these pairs the nonlinear gluing is defined. Moreover, the 
nearby pairs (m+,m~) can be expressed, using the exponential map exp on 
M2", as 

exP(„+,„-)(/i+, h~) = (n+ + h+, Uq + h') 

for some pair of vector fields {h~^, h~) along [uq, Uq). For vector fields (/i+, h~) 
along the base pair {uq,Uq), the linear gluing Q)a{h~^,h~) is defined and 
produces a vector field along the glued base pair (Ba{uQ,UQ). In addition, 
the following holds 

®a(exP(„+,„-)(/i+, h")) = expg3^(„+^„-)(©„(/i+, h~)). 

The negative gluing Qa{h'^, h~) of a pair of vector fields (/i"^, h~) takes values 
in the tangent space TqM^" of M^" at 0, where is the common asymptotic 
limit of the base pair {uq.Uq). 

The gluing constructions introduced above are intimately related to the 
concept of splicing as we shall describe next. 

Recall that we have denoted by E the space of pairs of continuous vector 
fields {h^,h~) along {u^,u~) satisfying the asymptotic matching conditions 
/i+(oo) = /i~(— oo). We introduce the space £"" consisting of continuous maps 
f : Za — )> M^" and the space Et consisting of continuous maps w : Ca ^ IR^"" 
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satisfying w{—oo) = —w{oo). We define, for < |a| < |, the total glued 
map Ba-.E-^El^E^hy 

If a = 0, the map Hq : -E — )■ -E is defined by 

Boih+,h-) = ih+,h~). 

Lemma 2.40. The map E\a : E ^ E'^ © E°i is an isomorphism. 

In order to prove the lemma we take a pair [v, w) G E"]^ © Et and solve 
the system of two equations for {h~^, h~), 

®a (/i^, h~) = V and ©„ (/i+, h~) = w. (2) 

The first equation is defined for the points [s, t] G Za and the second for all 
points [s,t\ e Ca- Integrating the first equation over the circle {^} x S^, we 
find that 

ava{h+,h-) = ^ {[h+]R+[h-U) = [v] := // (f ^M dt. 

It will be convenient to introduce the hat version of the gluing and anti- 
gluing. If (/i+, /i~) G E, we define 

and 

ea{h+,h~)[s,t] = -(1 - Pa) ■ h+{s,t) + 13a ■ h~ {s - R,t - d) 

where we have abbreviated Pa = f3a{s). The relation between Qa{h'^,h~) 
and Qa{h~^, h~) is the following, 

ea(/i+, h-) = Qa{h+, h-) - ea(M, H) = ea(/i+, h-) - (2/3, - i)H 

where we have used that [v] = ava{h~^,h~). In view of the hat anti-gluing, 
the second equation in ([2]) can be rewritten as 

eaih+, h~)=w + (2/3, - l)[v] =: w 
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so that the two equations in (|2]) take the form, 

(Baih^,h^) = V and Qa{h^,h~) = w, 
or, in the matrix form. 



f3a 1 - Pa 

;i - /3a) Pa 



h+{s,t) 
h-{s-R,t-^) 



v{s,t) 



(3) 



Observe that the second equation Qa{h^,h^) = w determines /i^ for s > 
-| + 1 and /i~ for s < -| — 1. Indeed, in view of the properties of the cut off 
functions Pa, 

p 

/i+(s, t) = -w[s, t] = -w{[s, t]) + [v], s > - + 1 

p 

h~{s-R,t-^) = w{[s,t]) = w{[s,t]) + [v], s< --1. 

We conclude that the asymptotic constant h~^{oo) of /i"*" is equal to —w{oo) + 
[v] and the asymptotic constant h~{—oo) of h~ is equal to w{—oo) + [v]. Since, 
by assumption w{—oo) = —w{oo), we conclude 

h'^i^oo) = h~{—oo). 

Abbreviating by 7^ := /3^ + (1 — /3a)^ the determinant of the square matrix 
on the left-hand side above, we find for the unique solutions h^ the formulae 
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h+{s, t) = — {Pa ■ V{S, t) - (1 - Pa) ■ wis, t)) 

la 



(4) 



for s > and t G 5^, and 
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h~{s-R,t~d) = - ((1 - Pa) ■ V{S, t)+Pa- W{S, t)) (5) 

la 

for s < R and t & S^. Since h^ have identical asymptotic constants, the 
pair {h^, h^) belongs to the space E. This completes the proof that the map 
E\a : E —> E"^ © E'^ is an isomorphism. ■ 

The injectivity of □„ implies (ker©^) fl (ker©^) = {(0,0)} and the sur- 
jectivity shows that E = ker ©^ © ker ©„. Consequently, the space E has the 
decomposition 

E = (ker ©J ©(ker ©J. (6) 
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We now introduce the projection 

onto ker0a along ker©^- If a = 0, we set ttq = id. Using our calculations 
above we shall derive a formula for this projection in the case a ^ 0. Given 
a pair (/i+, h~) G E, we set 

7ra(/i+,/i") = (?7+,?7"). 

In view of the decomposition ([6]), the pair {rj^,rj~) is uniquely determined 
by the requirement 

®a{r]^.Tl~) = ®a{h-^,h~) and ©a (r/+, r/~) = 0. 

Setting V = Q)a{h^,h~) and w = 0, the system of equations ([2]) takes the 
form 

©a(?7+,?7") = t; and Q^ [rj+^r]') = 

and we find, in view of @, 

V^ = -[(3a-v-{l- /3J ■ w] (7) 

la 

where w = (2/3^ — l)[v] and [v] is equal to 

Substituting ©a(/i+,/i~) for t> and {2f3a — l)[f] for u; into the equation ([7]), 
we obtain the explicit formula 

7]+{s,t) = -{f3a- ®a{h+, h~){s,t) - (2/3, - 1)(1 - Pa)[v]) 
la 



V 7a/ la 

la 



(8) 



for (s,t) G M^ X 5"'^. We have abbreviated (3a = f3a{s) and 7a = 7a(s). A 
similar calculation uses (jS]) and leads to the following formula for r/", 

ri'is -R,t-^)=(l- ^^^^ ■ ava(/i+, /i") + ^"^^ ~ ^"^ ■ h^{s, t) 

\ la J la 

la 
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for (s,t) satisfying s < R. To express rj is terms of the coordinates {s',t') 
on R~ X S^, we note that from f3{s) = 1 — f3{—s) and /3a{s) = /3{s — ^) and 
-fa = /3^ + (l-/3a)^ it follows that I3ais'+R) = l-l3ai-s') and 7a(s'+i?) = 
7a(— ■§')• Consequently, 

^-(/.«')=(l-^p^)-av.(A+,ft-) 

7a(-s') 7a(-s) 

(9) 

for {s',t') eR' X S\ 

We next study the above constructions in the analytical framework of 
weighted Sobolev spaces. For these studies it is crucial to use the exponential 
gluing profile 

ip{r) = e^ — e, re (0, 1]. 

We fix a strictly increasing sequence {Sm)m>o satisfying < S^ < Itx for 
all m > 0. If m > 0, the space E'^ = H^+"^^^o (^-^± x S^) consists of L^-maps 



u : 



l^x S^ ^ M^" 



whose weak derivatives D°'u up to order 3 + m belong, if weighted by e*^™'*', 
to the space L2(M± x S^) so that e'^'^I'lD^M G L2(M± x S^) for all |a| < 3 + m. 
The space Em consists of pairs {u^, u~) of maps defined on half- cylinders 



u 



± ■ raii V Ql ^ T0>2n 



xS^ ^ 



for which there is a constant c G M^" (depending on u) so that 

M^ - c G E^. 
If {u^ 1 u~) G -Em; then u^ = c + r"^ and its E'm-norm is defined by 



" / I £/m II 'II II O-\-Tn,0jn 'II II O-\-Tn,0rj 



|2 _L ll^+l|2 

where 



Since the sequence (Sm) is increasing and < (5m < 27r, it follows from the 
Sobolev embedding theorem that the inclusions -Em+i ~^ E^ are compact 
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maps and the vector space E^ := f]„^>Q Em is dense in every Em- In our ter- 
minology, the space E := Eq is an sc-Banach space and the nested sequence 
(Em) defines an sc-structure on E. 

Moreover, we define for every a G Bi C C, the sc-Banach space G" as 
follows. If a = 0, we set 

G° = E©{0}, 

and if a 7^ 0, we define 

where the space iJ^''^"(Ca,M^"') consists of functions u : Ca ^ M^*^ for which 
there exists an asymptotic constant c G M^" such that u converges to c as 
s — !■ oo and to — c as s — > — oo and 

u- (1-2(3,) ■ceH^''°{CaXl- 

We recall that Pais) = if s > f + 1 and Pais) = 1 for s < f - 
1. The Hilbert space space if^(Za,M^") is equipped with the sc-structure 
ij3+'"(Z„,M2") for all m > and the sc-structure for H^'^'^iCa^R'^'') is given 
by H^~^"^'^'"iCa, M^"'). Thus the sc-structure on G" is defined by the sequence 

G^ = H^+'^iZa, M.^"") © H'^+"''^"^iCa, M^"), m > 0. 

The total glued map 

Baih+,h~) = i(Baih^,h-),eaih+,h~)) 

maps the m-level Em onto the m-level Gm- Recalling the projection tTq onto 
ker ©a along ker ©„ and the formulae (IHl) and ([9]) for 

TTaih^,h^) = iV^,V^)^ 

one sees that -Ka '■ E ^ E. The following theorem is proved in [26] . 
Theorem 2.41. 

(1) For every a G Bi, the total gluing map 

is an sc-linear isomorphism. 
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(2) The map 

IT : Bi®E ^ E, {a,{h+,h-))^'iTa{h+,h-) 

is sc-smooth. Consequently, the triple S = {7r,E,Bi) is an sc-smooth 
splicing. 

The splicing S = (vr, E, Bi) defines the sphcing core K^ which is the set 

K^ = {{a, (/i+, h~)) eBixE\ 7ra{h+, /i") = (/i+, h~)}. 
In view of Theorem 12.411 the map r : Bi (B E ^ Bi © E, defined by 

2 2 

r{a, (/i+, h~)) = (a, 7ra(/i+, h~)), 

is an sc-retraction and the sphcing core K'^ = r{Bi © E) is the associated 
sc-smooth retract. 

In our construction of strong bundles below we shall make use of the 
following version of the hat gluing and hat anti-gluing. 

We introduce the space F of pairs {C,~^,^~) in which the maps 

^+ : R+ X S^ ^ M^n ^^^ ^^ -.R^ X S^ ^ M^" 
are continuous and have the common asymptotic constant equal to 0, 

lim^+(s,t)= lim ^-(s,t) = 0, 

s—^oo s—^—oo 

where the convergence is uniform in t G S^. Given (^"'',1^") G F, the 
hat-glued map Q)a{^~^,^~) '■ Za — )■ M^*^ is defined by the same formula as 
©a(C"^,C~)- Namely, if a = 0, then 

©o(?7"^,?7"^) := l^"^,??") 
and, if < \a\ < |, then 

®a{e, mis, t]) = f3a{s) ■ e+(s, t) + (1 - f3a{s)) ■ C {s - R,t - 1^) . 

The hat-anti-glued map Qa{C,~^,C,~) '■ Ca — )■ M^" is defined as follows. If 
a = 0, we set 
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However, if a 7^ 0, the definition of Qa{C^,C~) differs from the anti-glued 
map 0a. If < \a\ < |, the hat anti-glued map 0a(^"^,^~) : Ca —^ IR^" is 
defined by 

ea{e,m[s,t]) = -{1 - f3,{s)) ■ e{s,t) + f3,{s) ■ r{s - R,t - 1^). 

As before we have the direct sum decomposition 

F = ker ©« © ker §« 
for every a G Bi, and introduce the projection map 

TTa-.F^F 

onto ker 0a along ker ©a- Representing the projection as 

a calculation similar to the one we performed above leads to the formulae 

la la 

r{s\ t') = ^^(-'')(^-(^^(-'')) . ^+(,/ + R^t' + ^) + ^^^r{s', t') 

la\ S ) la\ S ) 

(10) 
where 77+ is defined for (s,t) G M"*" x 5^ and rj for (s',t') eM. x S^. We 
have abbreviated (3a = (3a{s) and la = la{s). 

The analytical framework of the hat gluing and anti-gluing is similar to 
the Sobolev framework above; the weighted Sobolev spaces will however be 
different. For the strictly increasing sequence {Sm)m>o satisfying < 6m. < Svr 
we let F be the space of pairs {^~^, ^~) of maps 

satisfying ^^ G if^''^"(]R^ x 5^,1^^"). Note that the common asymptotic 
constant of every pair {^^, ,^~) G -F is equal to 0. 

We equip the space F with an sc-smooth structure {Fm)m>Q where Fm 
consists of those pairs (^+,^") G F in which ^± G H^+"''^-^(R^ x ^SM^"). 
The sc-Banach space G" is defined as follows. If a = 0, we set G^ = E(B {0}, 
and for a 7^ we define 

G" = H\Za,M.^'') ® H^'^^Ca^M.^''). 
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Then G" is an sc-Banach space with an sc-smooth structure for which the 
level m consists of pairs (m, f ) G G"^ in which u is of Sobolev regularity 2 + m 
and V of regularity {2 + m, 6m)- Recalling the projection 7Ta onto ker 0^ along 
ker©a defined by flTO|) . the following theorem is proved in [26] . 

Theorem 2.42. 



(1) For every a G Bi, the total hat- gluing 

is an sc-linear isomorphism. 

(2) The map 

^■.B._®F^F, (a, (e+, r)) ^ ^a{e. d 

is sc-smooth. Consequently, the triple S = {7r,F,Bi) is an sc-smooth 
splicing. 

2.5 Implanting Gluings and Anti-gluings into a Mani- 
fold 

Working in a chart we shall implant our gluing constructions into the sym- 
plectic manifold {Q, u) of dimension 2n. We consider a piece of the Riemann 
surface S consisting of two disjoint disks D;j. and Dy having smooth bound- 
aries and centered at the points x and y in S belonging to the nodal pair 
{x,y}. As a reference map we take a continuous map Uq : S -^ Q satisfying 
the matching condition 

Uo{x) = Uo{y) =q eQ 

and choose a diffeomorphic (in particular onto) chart tp : R(g) — )■ M^" around 
the point q which satisfies tp{q) = 0. The open sets Rr-(q') C R(g) are defined 
as ip~^{Br{0)) where Bj-{0) C M^" is the open ball of radius r centered at 
the origin. We assume that R(q') is equipped with the Riemannian metric 
which over H^iq) is the pull-back of the Euclidean metric under the map ijj 
and denote its exponential map by exp. Then 

ij{expp V{p)) = exp^(p)(T?/'(p) ■ V{p)) = tpip) + Ttpip) ■ V{p) 
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for p G R2(q'), where the tangent vectors V{p) G TpQ satisfy |V^(p)|p < 2. 
We assume that Uq^D^ U Dy) C Ri(g). We denote by O a C°-neighborhood 
of the map Uq consisting of continuous map v : S —> Q satisfying v{x) = v{y) 
and f (-Dx U Dy) C R2(g')- We now take a smooth map u : S ^ Q m. O 
and choose positive and negative holomorphic polar coordinates centered at 
X and y, and denoted by 

/ix : M+ X S^ ^ D^ and hy-.R^ x S^ ^ Dy. 

This leads to the smooth maps u^ : M^ x S"*^ — )> M^*^ defined by 

u^{s,t) = ip o uo hx{s, t) 

and 



u 



'(s',t') = z/' 0^0/1^(5', t')- 



Such maps we have already met in the gluing constructions in the previous 
section. If a = |a|e~^''*'^ is a gluing parameter satisfying < |a| < |, we 
identify 

z = hx{s, t) e D^, < s < R 



and 



z' = hy{s', t') G Dy, -R<s'<0 



a s' = s — R and t' = t — -d where R = f{\a\) is the gluing length. If a = 0, 
we set 

Zo = D,,U Dy. 

Denoting the gluing operations of the maps into M^" of the previous section 
by ©°, 0° and ©„, 0„, we define the glued map 



®aiu) : Za^Q 

by 

tpi^aiu) [S, t]) = ©°(m+, U~) [s, t] = ©°(V' OUoh^^lPouohy) [S, t], 

for all [s,t] G Z^. The definition of the gluing operation (B^ implies that 

®a{u) = U 

near the boundary dZa of the glued cylinder Za. 
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If ?7 is a section of the pull-back bundle u*TQ with matching data at the 
nodal pair we denote its principal part by 

7]{z) e Tu(z)Q 

and hence require that ?7(x) = rjly) G TpQ where p = u{x) = u{y). The 
glued section (Baiv) is a section of the pull-back bundle (Ba{u)*TQ. The 
vector ©a(?7)[s,t] e T(^,(u)[s,t]Q is defined by 

Tij{®a{u) [S, t]) ■ ®a{v) [S, t] = ®l{T^lJ{u oh^)-7]oha:,Tij{uohy)-r]0 hy) [s, t] 

where on the right hand-side we have used the ©^-gluing in M^" for two vector 
fields. 

Since the Riemannian metric on R(g) is the pull-back of the Euclidean 
metric in M?"^ by the map ip we have the following formula. 

Proposition 2.43. If rj is a section of the pull-hack bundle u*TQ satisfying 
r]{x) = rj{y) and exp„(?7) G O , then 

exPe,(„)(©a(^)) = ©a(exp„(r/)). 

Proof. Denoting the principal part of the section 77 by ri{z) G Tu(z)Q we recall 
that 

^(exp„(^)(r/(2)) = ip{u{z)) + T^{u{z)) ■ ri{z). 

Therefore, 

V'(exp„„;,^(?7 o h^)) = %l){u o h^) + T^(u o h^) ■ r] o h^ 

i^i^WuohyiV O hy)) = ^(^ ° hy) + ^^^l^ ^ hy) 'l^ohy, 

and, since the operation ©° is linear, 

V'(©a(exp„r/)) = ©°(^(exp„„;,^(77 o /i^), ^(exp„„^^(r/ o hy)) 
= (Bai'ip ouo hx.ip ouo hy) 
+ ©°(TV'(u o hx) -rjo hx, Ttplu o hy) ■ r] o hy) 

= i^{®a{u)) + TtP{®a{u)) ■ ®a{v) 

= ^(exPe.H ■ ©a iv)) 
and the proposition is proved. ■ 
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As above we denote by Ca the infinite cylinder consisting of two half- 
cylinders z = h^is^t) G Dx and z' = hy{s',t') G Dy in which the points with 
< s < R and —R < s' < are identified ii s' = s — R and t' = t — d. Let 
77 be a section of the pull-back bundle u*TQ satisfying r]{x) = rj{y) G TpQ 
where p = u{x) = uiy) . Then the anti-glued map 

is defined by 

Tipip) ■ea(^)[s,t] = e^^{Tip{uoh^) --qoh^^Tipiuohy) ■ rj o hy)[s,t]. 

Let J be a compatible almost complex structure on the symplectic mani- 
fold {Q,u). li u : Dx U Dy ^ R-il?) is a smooth map belonging to our 
neighborhood O hence satisfying u{x) = u{y), and if we have at every point 
z G Drc U Dy a complex anti-linear map 

^z) : (T,(D,. U Dy),jiz)) ^ (r„(,)g, Jiuiz))) 

satisfying ^(x) = C,{y) = 0, we define the two vector fields ^^ in M^" by 

e+(s, t) = T^{u o h,{s, t)) ■ ^{K{s, t)) ■ dsK{s, t) 

C{S\ t') = Tij{U O hy{s', t')) ■ ^ihy{s', t')) ■ ds'hy{s\ t' ) 

where (s,t) G IR+ x 5^ and (s',t') G M" x S^. The hat glued map ®a{Cl then 
associates with the point z = [s, t] G Za of the glued cylinder, the complex 
anti-linear map along the glued map (Ba{u), 

®aiOiz) : inZa^jiz)) ^ (Te„H(.)Q, J(©a(w)(2;))) 
which is defined by 

Ti;i®a{u)[s,t])-®a{Oi[s.t])-dsh^is,t) = ©°(e+,r)[s, t]. 

The hat anti-glued map 0(0 associates with every point z = [s,t] of the 
infinite cylinder Ca the complex anti-linear map 

ea{m[s,t]):{nCa,j)-^{TpQ,J{p)) 

which is defined by 

Tij{p)-ea{m^)-dsh,{s,t) := el{e,r)[s,t]. 
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We have considered above the smooth map u : D^UDy — t- Q satisfying u{x) = 
w(l/) = P cind the smooth section rj along the map u of the pull-back bundle 
u*TQ satisfying r](x) = r]{y) G TpQ. Moreover, we have introduced the glued 
map (Ba{u) : Za ^ Q and the glued section ©a(^) : Za — )■ T^a[u)Q of the 
pull-back bundle Q)a{u)*TQ. We also recall that with every z = [s, t] G Za we 
have associated the hat-glued complex anti-linear map ©a(0 • {TzZa,j{z)) — t- 
{T^a(_u){z)Q, J{®a{u){z))). With these data given, we define for every z = 
[s,t\ G Za the complex anti-linear map 

C{z) : {T,Za,j{z)) -^ (Texp^^(^,(^,(©,(r,)(^))(5, J(expg5^(„)(^)(©„(r/)(2;))) 

by the following formula, 

= Ti;{(Ba{u){z)) ■ (BaiOi^) ■ dsK{s,t). 

Finally, the splicing projections vrJJ and 7r° can also be implanted as follows. In 
the case of 7r° we take a section r] along u. This defines, using holomorphic 
polar coordinates and a chart ip for the manifold Q, the pair {'r]~^,T]~) of 
sections along the pair {u~^,u~). For the gluing parameter a the projection 
C = ^a(^) is defined by its representative (^^,^~) obtained as the unique 
solution of the equations 

(B'aie,n = ®aiv^.v-) and e°(e+,r) = o. 

If D^ U Dy C S for a Riemann surface S and if 77 is a section along the 
map u : S —^ Q, then na{ri) is well-defined acting as the identity over the 
complement of D^ U Dy. By implanting the splicing projection associated to 
a single nodal pair {x, y} we will always assume that the splicing projection 
will be extended by the identity in the complement of the relevant disks of 
the small disk structure. If we deal with several nodal pairs {x, y} E D we 
obtain for each {x, y} a splicing projection Tri^fyy as just described. Since 
the disks of the small disk structures are mutually disjoint any two of these 
projections commute. By taking the composition of all of them (whatever 
the order) we obtain a well-defined projection tTq, where a = (a{x,j/})r^ ig^,- 
This is the splicing projection associated to the tuple a of gluing parameters. 

2.6 More Sc-smoothness Results. 

We next apply the following criterion for the sc-smoothness of a map / : 
E ^ F between sc-Banach spaces which is formulated in terms of classical 
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derivatives. 

Proposition 2.44. Let E and F be two sc-Banach spaces and let U G C G E 
be an open set in a partial quadrant. We assume that the map f : U —> F 
is sc^- continuous and that the induced maps f : Um+k -^ ^m ore of class 
C^^^{Um+ki Fm) for every m>Q and k > 0. Then the map f : U ^ E is 
sc-smooth. 

The proof is carried out in [2S] (Proposition 2.4). 

We shall make use of Proposition 12.441 in the special situations, in which 
F is equal to some Euclidean space equipped with the constant sc-structure. 
First we shall carry out a transversal constraint construction used later on. 

We consider the closed disk D in C and a C^-embedding n : -D — ?■ M^'* 
satisfying n(0) = 0. Let H G M^" be the orthogonal complement of the 
image set Tm(0)(M2") so that M^n ^ Tu{0){R'^'') © H. By means of the 
implicit function theorem we find an open neighborhood O of the map u in 
C^{D, M^") having the following properties for v & O. 

• The set v~^{H) consists of precisely one point z^ and z^ belongs to the 
open disk Bi C C of radius ^ and centered at the origin. 

2 ^ 

• The image point v{zjj) lies in the unit-ball i?^"(l) of M^*^. 

• The image set Tv{z^){M.'^"-) is transversal to H in M^". 

• The map 'y : O -^ Bi, defined by 7(f) = z^, is of class C^{D, M^") and 
if we restrict the map 7 to the space O fl C"^{D,'R'^"'), then the map 
7 : O n C"'(D, M^") -^ Bi is of class C"". 
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We now introduce the sequence of Sobolev spaces Em = H^~^"^{D, M^") for 
m > and set E = Eq, which is an sc-smooth Banach space equipped 
with the filtration {Em)m>o- The set O H E is an open subset of E. In 
view of the Sobolev embedding theorem, the embedding Em. — > C*™"*"^ is 
continuous and consequently the map 7(f) = z^ defines an sc'^-continuous 
map 7 : E' n O — )■ M^ whose induced maps Em. fl O — )■ M^ are of class (7"^+^ 
for every m > 0. In view of a Proposition 12 . 441 we obtain the following result. 

Proposition 2.45. The map 'y : O (1 E ^ Bi defined above by 7(1^) = Zy is 
sc-smooth. 
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The previous transversal constraint construction can easily be implanted 
into a manifold. We consider the Riemann surface {S,j) and the C°°- 
map u : S -^ Q into the symplectic manifold {Q.,u:) having the property 
that at some point z & S the linearized map Tu{z) is injective. We set 
u{z) = q E Q. Then we find a disk like neighborhood D^ of z having 
a smooth boundary, a biholomorphic map h : (-D,0) — ?■ {Dz,z) where, 
as above, D G C is the closed unit disk, and we take a diffeomorphic 
chart ip : (R(g),g) — ;■ (IR^'^,0) around the point q. We can assume that 
u{D,) C Ri(g) = ?^"1(B2"(1)) and that Tip{q) maps the image set Tu{z){R'^) 
onto M^ X {0} in M^". We assume that R(q') is equipped with the Rieman- 
nian metric which over R4(q') = ip~^{B'^'^{A)) is the pull-back of the Euclidean 
metric of M^"" by means of the map ip. We abbreviate H = {0} x ]R^"~^. Then 
the composition u : D ^ M^"", defined by 

u = if) ouoh 

is smooth, satisfies u(0) = 0, and H is transversal to Tn(0)(]R^) in M^". Hence 
by the above discussion there is a C^-neighborhood U{u) in C^(D,M^"') of 
the smooth map u so that every map v G U{u) meets the properties listed 
above. 

Hence, by Proposition I2.45[ the map 7 : U{u) HE -^ Bi, defined by 
7(t?) = Zy, is sc-smooth. Consequently, defining the submanifold Qq of Q by 

we find a C^-neighborhood U{u) in C^{Dz, Q) of the smooth map u : D^ ^- Q 
such that if f G U{u), then v{Dz) intersects Qq in precisely one point g„, 

q^ G v{D,) n Qo 

and the intersection is transversal. Moreover, the map U{u) -^ Qq associat- 
ing with V G U{u) the intersection point q^ is sc-smooth when restricted to 
the sc-structure defined by the nested sequence H^~^^, m > 0. 

Later on we shall refer to the map f h- )■ g^ g Qo as to the transver- 
sal constraint Qq and we shall refer to above neighborhood U{u) as to the 
"transversal constraint construction associated with the smooth map u 
and the chart ip" . 

The next result is concerned with the action of parameterized diffeomor- 
phisms. Let D be the closed unit disk in C and assume V is an open subset 
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in some R^. We assume that we are given a smooth family v ^ (p^, v & V oi 
diffeomorphisms of D having compact supports contained in the interior of 
D. We take the sc-Banach space E with Em = H^^'^{D,W^) and consider 
the composition 

^ -.V ® E ^ E, {v,u) ^ uo (p^. 

We would like to point out that the map $ is far from being smooth in the 
classical sense. However, in [SB] (Theorem 1.26) we have demonstrated the 
following result. 

Theorem 2.46. The map ^ : V (B E —> E, ^{v, u) = uo 0„, is sc-smooth. 

One can deduce many corollaries from this result. For example, assume 
that S and S' are pieces of Riemann surfaces containing the distinguished 
points z and z'. We denote by 0{z) and 0{z') open neighborhoods of z and 
z' in S and S", respectively, and assume that there exists a smooth map 

VxO{z')^S, {v,s)^Ms) 
into a neighborhood of z satisfying 
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0{z) C MO{z')) 

for all V ^ V. We consider the Banach space E of maps u of Sobolev class H 
defined on an open neighborhood of 0{z) with image in some M" and equip 
it with the usual sc-structure defined by the sequence H^+^ for all ?ti > 0. 
We let F be the sc-Banach space of the same type of maps defined on some 
compact subdomain K oiO{z') having a smooth boundary and images under 
(pi, that still cover 0{z). Then the map 

^ -V ®E ^ F, 

defined by 

{v,u) ^ {uo(j)^)\K, 

is an sc-smooth map. 

We will need later on a version of the previous result in the case of possibly 
noded surfaces. Assume that D^ and Dy as well as D'^, and D' , are disk-like 
Riemann surface with smooth boundaries and nodal pairs {x, y} and {x', |/'}. 
Using the exponential gluing profile we obtain the glued surfaces Za and Z^. 
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For h > and a (or b) small enough we have previously defined Za{—h) and 
Zl{—h). Recall that ZQ{—h) = Dx{—h) U Dy{—h) and similarly for Z^. 

Let V be an open neighborhood of in some R^ and let D^ be the closed 
disk in C centered at the origin and radius e. We assume that following data 
is given: 

(1) A smooth map (a,f) h-> b{a,v) defined for a & D^ with e sufficiently 
small and satisfying 6(0, v) = for all v & V. 

(2) For sufficiently large h > 0, a family of core-smooth holomorphic em- 
beddings 

parameterized by (a, v) E D^^V. 

(3) There exists H > so that 

^6(a,.)(-^)C0(a,.)(Z,(-/l)) 

for all (a, v) E D^ (BV with e sufficiently small. 

We take two cuf-off functions (3 and (3' and use them to define glued maps 
on the finite cylinders Za and Zj^. Then we consider the sc-Banach space 
E' of maps C, : D'^, U D' , — )■ M^" of class (3, Sq) The sc-structure is such 
that level m corresponds to regularity (m + 3,6m), where < 6o < 6i < 
. . . < 2ti. Similarly, we introduce the sc-Banach space E consisting of maps 
Tj : Dx{—h) U Dy{—h) of regularity (3, 6o) whose level m consists of maps of 
regularity (m -|- 3, 6m)- With these spaces we define the map 

^■.D,®V®E'^E, (a,i;,0^^ 

where rj is defined as the unique solution of the equations 

®a{v) = ®'bia,v)iO ° ^{a,v) and Ga (r/) = 0. 

Here the prime on ©' and 0' indicates that we may use for the gluing the 
cut-off functions /3'. The following theorem which will be employed later 
when dealing with sc-smoothness issues of transition maps. 

Theorem 2.47. The map $ introduced above is sc-smooth. 



The result is a consequence of Theorem 1.31 in [SB] and is proved in 
Appendix 15.11 
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3 The Polyfold Structures 

This chapter is devoted to the construction of the polyfold structures on the 
space Z = Z^'^°{Q,uj) of stable curves into the symplectic manifold {Q,u), 
and on the bundle W -^ Z introduced in Section 11.21 In particular, we 
shall give the proofs of the Theorems 11.61 11.71 and 11.101 announced in the 
introduction. The polyfold construction is based on the concept of good 
uniformizing families of stable curves introduced next. 

3.1 Good Uniformizing Families of Stable Curves 

Fixing a number 5q G (0, 27r) we consider the (3, (5o)-stable map 

a = {S,j,M,D,u). 

We recall that {S,j,M,D) is a connected nodal Riemann surface with 
ordered marked points, and n : 5 — )■ Q is a map into the closed symplectic 
manifold {Q,u}) which is of class (3,5o) near the nodal points in \D\ and of 
class ifjQp around all the other points of S. Moreover, u{x) = u{y) for every 
nodal pair {x, y} G D. We shall denote the set of such mappings u : S ^^ Q 
by 

H'''^'{S,Q). 

If C is an unstable domain component of S, the map u : C ^ Q satisfies 
the stability condition ffjU*u > 0. Two stable maps {S,j,M,D,u) and 
{S',j', M', D', u') are isomorphic or equivalent, if there exists an isomorphism 
if : {S,j,M,D) — 7- {S' , j' , M' , D') between the underlying noded surfaces 
satisfying u' o (p = u. An equivalence class is called a stable curve. We shall 
denote the space of equivalence classes of stable maps of class (3, 6o) by 

Z = Z3'^°(g,a;). 

A consequence of the stability condition J^ u*uj > is the finitness of the 
automorphism group G of the stable map (S', j, M, D, u). 

The underlying connected nodal Riemann surface (S*, j, M, D) is not nec- 
essarily stable. In order to achieve stability, we shall add more marked points. 

Definition 3.1. Let a = {S,j,M,D,u) be the representative of an equiva- 
lence class [a] in Z. A finite set S of points in S is called a stabilization of 
a if the following holds true. 
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(1) The set S lies in the complement of M U |D|. 

(2) The automorphism group G of a leaves the set S invariant. 

(3) If we denote by M* the un-ordered set MUS, then the nodal Riemann 
surface {S,j,M*,D) is stable. 

(4) If u{z) = u{z') for two points in E, then there exists an automorphism 
g m G satisfying g{z) = z'. 

(5) The image u{T,) does not intersect u{\D\ U M). 

(6) The tangent map Tu{z) is injective at the points 2; G S. 

The automorphism group G* of the nodal Riemann surface {S,j,M U 
S, D) is finite and contains the automorphism G of a. 

Lemma 3.2. Given a representative a = {S,j,M,D,u) of a class {3,So)- 
stable curve in Z, then there exists a stabilization S of a. 

Proof. Pick a domain component C of S* which together with its special 
points Gn (MU \D\) is unstable. Since a is stable, we know that J^, u*uj > 0. 
Hence we find a point z E G \ [M U \D\) at which Tu{z) is injective. By 
moving z slightly we can keep this property, and can achieve that, in addition, 

u{z) ^u{MU\D\). 

Now we use the automorphism group G to move z around hitting possi- 
bly other domain components. If Si is the collection of points of the orbit 
{di^) I 9 ^ G}, then Si satisfies all properties of a stabilization with the ex- 
ception that {S,j, M U Si, Z)) might not be stable yet. If the latter still has 
unstable domain components we can pick a point 2' G S* in such a component 
in the complement of MUSi U \D\ so that Tu{z') is injective and u{z') is not 
contained in u{\D\ U M U Si). Then the set S2 = Si U {g{z') \ g G G} satis- 
fies all properties of a stabilization with the exception that {S,j, M U S2, D) 
might not be stable yet. At every step of this procedure an unstable domain 
component obtains an additional point. Since we only have a finite number 
of domain components and since we have to add at most three points to an 
unstable domain component to obtain stability, it is clear that after a finite 
number of steps we arrive at the desired stabilization S of a. ■ 
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Let a = {S,j,M,D,u) be a stable map equipped with the stabihzation 
S. Recalhng that u maps S into the symplectic manifold Q, we label the 
images of the nodal points in |D| and of the points in the stabilization S by 
udDl) = {wi, . . . , Wk} and u{T,) = {wk+i, ■ ■ ■ , Wk+i}- By definition of the 
stabilization, m(|-D|) nu(S) = 0. For every z G {1, . . . , A; + /} we fix a smooth 
bijective chart 

V':(RK),i/;.)^(M'",0) 

so that the closures of the domains are mutually disjoint. We denote by 
Rr(tfi) the preimage of the r-ball -Br-(O) around under the chart map ip. 
Next we fix a small disk structure D and closed disks with smooth bound- 
aries centered at the points in E so that all disks are mutually disjoint and 
so that the following holds. 

(*) For every z G |-D| U E the image under u of the disk D^ is contained in 
Ri(u7j), where Wi = u{z). 

We choose a Riemann metric g on the manifold Q which over the open 
neighborhood Il4,{wi) is the pull-back of the standard metric on M^*^ under 
the map ip. At this point we consider the stable noded Riemann surface 
{S,j,M U E,D) in which the marked points M U E are not ordered. We 
denote its isotropy group by G*. Using the exponential gluing profile we use 
our small disk structure and take a good deformation v i— ;■ j{v) of j so that 
for a suitable G*-invariant open neighborhood O of (0, 0) G A^ © -E we have 
the good uniformizing family 

{a,v)^{Sa,j{a,v),{MUJ:)a,Da) 

possessing all the properties listed in Definition 12.101 

We denote by U{u) a C^'-open neighborhood of the map u in the space of 
continuous maps from S into Q, which is so small that the images of the discs 
Dz under the maps belonging to U{u) he in R2(wj) for wt = u{z). Hence we 
can define a family 

{a,V,u) -^ {Sa,j{a,v),Ma,Da,®a{u)), 

where (a, v) belongs to the G'*-invariant open neighborhood O of (0, 0) G 
N X E and where the continuous map u' : S ^ Q belongs to U{u). Let us fix 
for every z G E a subdisk SD^ which is contained in the interior of D^ and 
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also has smooth boundary so that their union is invariant under the G-action. 
There is no loss of generality to assume that the subdisks are concentric, i.e. 
of the form 

SD, = D,{-h) = {( e D,\C = z or C = h^{s,t) for s > h}, 

where h > and where hx are positive holomorphic polar coordinates on D^ 
centered at z. We also fix subdisks having the same invariance property for 
the discs D^ and Dy associated with the nodal points {x,y}. Recall that 
given the gluing parameter a = {a{x,y})(^ i^^, we have introduced the union 



^« - U ^?^:.} 



y} 

{x,y}£D 



of the cylinders Za^fyy which connect the boundaries of the discs D^ and Dy 
if a{x,j/} 7^ and which are equal to Zq '^ = D^ U Dy if a{x,y} = 0. Recalling 
the subcylinders SZa^f^, = Za^f^J—h) from section [TT| we have abbreviated 

SZ^ = Z^{-h)= U Zi^^f]^i-h). 

{x,y}GD 

Recall that G is the automorphism group of a, S a stabilization of a, and 
G* the automorphism group of the nodal Riemann surface {S,j, M U S, D), 
where M U S is viewed as an unordered set. 

Proposition 3.3. We consider the stable map {S,j,M,D,u) and recall the 
above definitions. Then given h > 0, there exists a G* -invariant open neigh- 
borhood O' C O o/(0,0) G N(BE and a G-invariant C^ -neighborhood U' (u) C 
U{u) of the map u so that the following holds. If u', u" G U'{u) fl H^'^°{S, Q) 
are maps from S to Q and (a, u), (fe, w) G O' and if 

0: {Sa,]{a,v),Ma,Da,®a{u')) ^ (^fe, J (^ «;), Mfe, Dfe, ©^(m")) 

is an isomorphism, then there exists an automorphism g & G satisfying 

at all nodal pairs {x,y} G D. In addition, if z ^H, then 

<P{D,{-h)) C /),(,). 
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Proof. Arguing indirectly we may assume that we have two sequences m^, u'l — > 
u of maps in U'{u) fl H^'^°{S,Q) converging in C°, sequences {ak,Vk) — )■ 
(0, 0) G O and {bk, Wk) — )■ (0, 0) G O, and a sequence of isomorphisms 

0fc : (5a,,j(afc,^fc),Ma,,L)a,,©afeK)) -^ {Sh^,3{bk,Wk),Mb^,Db^,®b,{Uk)) 

which violates the conclusion of the proposition. The stability assumption on 
the stable curve {S,j, M, D, u) excludes bubbling off in the sequence (0^) of 
mappings and one concludes by Gromov compactness that any subsequence 
of (0fc) has a subsequence which converges in C^^ away from the nodes and 
the neck to some isomorphism 

This fact is a consequence of the following lemma which is proved in the 
Appendix, Section [5l2l 

Lemma 3.4. We consider the stable map {S,j,M,D,u) and two sequences 
Uk,u'i^ G H^'^°{S,Q) converging to u in C^ . We assume that {ak,Vk) — >■ 
(0,0) G O and {bk.wi) — ?• (0,0) G O and assume that 

4>k ■ {Sa^,j{ak,Vk),Ma^,Da^,®ak{Uk)) -^ {Sb^, j {bk, Wk) , Mb,^, Db^, ®bk{u'i,)) 

is a sequence of isomorphisms. Then there is a subsequence of{(f)k) which con- 
verges in C^^ away from the nodes to an automorphism (pQ of {S,j, M, D, u). 

Consequently, (po = g E G and hence (f)Q{Dz{—h)) = Dg(^z){—h) C -Dg(2) 
for 2; G S and (t)Q{Dx{—h)UDy{—h)) C Dg(^x)UDg(^y) for the nodal pairs {x,y}. 
After passing to a subsequence, we see that for k large enough (f)k{Dz{—h)) C 
Dg(^z), and (j)k{Dx{—h) U Dy{—h)) C -Dg(xO U -Dg(j/) contradicting the choice of 
the sequence and implying the result. ■ 

The same arguments prove also the next proposition. 

Proposition 3.5. Given h > there exists an H > and an G* -invariant 
open neighborhood O" d O' ofO and a G^ -neighborhood U"{u) C U{u) of the 
map u so that the following holds. If u',u" G U"{u), (a, f), {b,w) G O" and 

0: iSa,jia,v),Ma,Da,®aiu')) -> (Sb, jib, w), Mb, Db, ®biu")) 
is an isomorphism then there exists an automorphism g E G satisfying 

<P{D^{-H)) C Dg^,){-h) 
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for all z ^ H, and 



0(^£^]a-^))c #!'!!!!? (-/^)) 



for every nodal pair {x, y} & D. 

In order to define the notion of a good uniformizing family for Z = Z^'"^", 
we start with the notion of good data. 

Definition 3.6 (Good Data). Let a = {S,j,M,D,u) be a stable map 
representing the class [a] G Z and let G be the automorphims group of a. 
Good data centered at a are the following data. 

(1) A stabilization S of a and a good uniformizing family 

{a,v)^{Sa,j{a,v),{MUJ:)a,Da), {a,v) eO, 

where the gluing is associated with a small disk structure D around 
the points in |D|. In addition, disks with smooth boundaries have 
been fixed around the points in S, so that all the disks are mutually 
disjoint. Further, the union of the disks is invariant under the G*- 
action, where G* is the automorphism group of nodal Riemann surface 
{S,j, M U E, D). Here M U S is viewed as an un-ordered set. 

(2) Abbreviating the set W = u{\D\ U S), there is a collection of bijective 
charts around every point w G W, 

so that the closures of the domains are mutually disjoint. Moreover, 
for every z G \D\ U S the image u{Dz) of the disk D^ is contained in 
Ri(m(2)). 

(3) The exponential map exp on the manifold Q is associated with a Rie- 
mannian metric g, which on the open sets Ti^iyo) is the pull-back of 
the standard metric on M^" by ipyj. Let O be an open neighborhood of 
the zero-section in TQ, which is fiber-wise convex and has the property 
that exp : O fl TqQ — )• Q is an embedding for every q E Q. 

(4) Every point w G u{T,) lies in a (2?t, — 2)-dimensional submanifold M^ C 
Q such that ipw{M^) C M.'^"' is a linear subspace. Moreover, ii w = u{z) 



for ^ G S, then the tangent space H^j := T^M^ is the orthogonal 
complement in T^Q of the image of Tu{z). We point out that near w 
the manifold Myj is the image of vectors in T^My^ C T^Q under the 
exponential map. 

(5) An open G-invariant neighborhood U of the zero-section G H^'^°{u*TQ) 
so that every section i] & U has its image in O. 

(6) Subdisks SD^ of D^ with smooth boundaries for all z G E so that their 
union is invariant under G. 

(7) If 2 G S, then the restriction u\Dz is an embedding transversal to M^^z)- 
Moreover, if x' G D^ satisfies u{z') G Mu(z), then z' = z. 

(8) For every section r] E U and every z G S, the map / := exp„(?7) : S — >• 
Q satisfies f{Dz) C R2(u(z)) and the restriction f\Dz is an embedding 
transversal to M„(2) and intersects Mu{z) at a single point f{z') for a 
unique z' G SDz- 

(9) If for (a, V, tj) and (a', w', r]') in O © f/ the tuples 

"{a,i,,r,) := {Sa,j{a,v), Ma, Da,®a{eWui'n))) 

and a(a',v',77') are isomorphic by some isomorphism 0, then there exists 
an automorphism g E G satisfying (j){SDz) C Dg(^z) for all z ^T,. 

(10) If the isomorphism in (9) is, in addition, an isomorphism 

of the nodal Riemann surfaces, then (f) = Qa for some g & G and 
(aV) =5f* (a,w). 

Proposition 3.7. There exist good data centered at a stable map a repre- 
senting [a] G Z. 

Proof. Since the existence of a good uniformizing family is guaranteed by 
Theorem 12. m the proposition follows in view of Lemma [372] and Propositions 
13. 3[ up to property (10) which requires the following additional argument. 
If the assumption (10) holds, then we conclude by the properties of a good 
uniformizing family that (p = g^ for an automorphism g* E G* . However, if 
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we assume in addition that the open neighborhood U of the zero-section of 
u*TQ in (5) and the neighborhood O of (0,0) in (1) are sufficiently small, 
then (j) is necessarily C°°-close on the core to an automorphism g in G. Since 
G <Z G* is a. finite group, we conclude that (p = g & G. This completes the 
proof of the proposition. ■ 

The following remark is essential for the sc-smoothness theory. 

Remark 3.8. If we have good data centered at the stable curve a = {S, j, M, D, u) 
where the map u is only of class H^'^° we can find arbitrarily H^'^°-c\ose a 
smooth map u' belonging to all spaces f/'"^+3.<5m^ tti > 0, so that we have good 
data centered at (S*, j, M, D, u') with the same choice of small disk structure, 
the same stabilization S etc. and so that u = exp„,(?7) for an arbitrarily 
small 7] & A' . This is true, since our conditions in the above definition are 
C°-smallness conditions and, at the disks around points in S they are C^- 
smallness conditions. We shall refer to good data centered at (5*, j, M, D, u') 
as to smooth data. 

Hence we obtain the following crucial result. 

Theorem 3.9. For every stable curve a = {S,j,M,D,u) representing an 
element in Z there exist good data centered at some smooth stable curve a' 
of the form 

a' = {S,j,M,D,u') 

such that u = exp^,{ri) and rj is an arbitrarily small section in the open 
neighborhood U' of the zero-section of H^'^°{{u')*TQ). 

Next we consider good data centered at a smooth stable curve a = 
{S,j,M,D,u) on the level 0. If z belongs to the stabilization set S, we 
introduce the plane Hu(z) = Tu{z)Mu(z) C Tu(z)Q in the tangent space, which 
we refer to as the linear constraint associated with the point ^ G E. 

We note that points z,z' G S satisfying u{z) = u{z') have the same 
associated constraint. Indeed, by definition of the stabilizer there exists an 
automorphism g ^ G satisfying z' = g{z) and by definition of the group G, 
uo g = u. Consequently, 

Tu{z){TzS) = Tu{g{z))Tg{z){TzS) = Tu{z'){Tz'S), 

and hence the orthogonal complements agree so that Hu(z) = Hu{z') as 
claimed. 
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exp„(r/) 




Figure 11: The linear constraint belonging to 2; G S 



In section 12.51 we have described the gluing and antigluing into the man- 
ifold Q working in the distinguished coordinates denoted by ip which are 
adapted to the discs of the small disk structure on S. Outside of the discs 
everything remains untouched through these constructions. We now use these 
local coordinates in order to define the sc-structure on the linear space 

Hl^^''{u*TQ) 

of sections 77 along the smooth map u : S ^ Q. The subscript c indicates 
that the sections have matching asymptotic limits to which they decay at 
the nodes in an exponential way. It is important to require that the map u is 
smooth. Focussing on the nodal pair {x, y} G -D, we take the associated discs 
Dx and Dy of the small disk structure. Recalling that u{x) = u{y), we shall 
abbreviate the restrictions m"*" = u\Dx and u~ = u\Dy. Choosing as usual 
the positive holomorphic polar coordinates hx on D^ \ {x} and the negative 
holomorphic polar coordinates hy on Dy \ {y} , we obtain in the chart ip the 



smooth maps ip o u^ o h^ 



xS^ ^ 



p2n 



and ijj o u oh. 



xS^ ^ 



p2n 



from the half-cylinders into R . Similarly, the section 77 of u*TQ satisfies 
r){x) = rjiy) and we introduce the restrictions rj^ = ri\Dx and r/" = ri\Dy 



along the two curves u~^ 



o hx and u 



o hy which in the local coordinates ip are 
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represented as the functions h^, defined by 

The space E consists of pairs {h~^,h~) : M^ x 5*^ — )■ M^" of maps having 
matching asymptotic constants c and we require that h^ — c & jj^A) ^]g± ^ 
S'^,R^"). The scahng Em is then defined by the levels (m + 3,6m)- We can 
carry out this construction for every nodal pair {x, y} on the associated discs 
of the small disk structure of S. On the complement of the discs the scaling 
of T] is defined by Hf^J^. This way we have constructed the sc-structure on 
the linear space 

K = {r/ G Hl^'°{u*TQ)\r]{z) G //„(,) for z G E} 

of sections (along the smooth map u : S ^ Q) satisfying the linear constraint 
at the points z eT,. 

The splicing {it,Eu,Bi) on the sc-space Eu will also be constructed by 
means of the above local coordinates on the discs and the associated coordi- 
nates ijj on the manifold Q. In order to define the sc-smooth map 

TT : 5i X E„ -^ Eu, vr(a, r/) = 71^(77), 

where tTq : E^ — )■ -E^ is a bounded linear projection, we take rj G E^, focus 
on the nodal pair {x,y}, consider the two restrictions t]'^ = ri\Dx and 77" = 
Ti\Dy of the section 77 along the curves u^ o h^ and u~ o hy and obtain the 
cylindrical maps h^,h~ : M^ x S"^ — >■ M^", which are the elements of the 
space E introduced above. We now recall from Theorem 12.411 the sc-smooth 
projection map 



TT 







Bi_xE^E, 7i%a,{h+,h-))=7il{h+,h~) 



where ir^ : E ^ E is a bounded projection. Moreover, if a = 0, then ttq = id 
and in view of the explicit representation of 7r° in Section 12.41 7r° is the 
identity map near the boundaries of the discs D^ and Dy for all a G Bi. 

Associated with the sphcing S = {n^,E,Bi) we have the splicing core K^ 
which is the subset 

K^ = {{a, h+, h-) eBixE\ 7r°(/i+, h~) = {h+, h-)}. 

We recall that tt^ is the projection along the kernel of ©^ onto the kernel of 
Qa, SO that K^ = {{a, h+, h')] Ba ih+, h') = 0}. 
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In order to define the sc-smooth projection n : B i x Eu ^ E^, ^{a, rj) = 
T^aiv) "^6 carry out the above construction for every nodal pair. If a = 0, 
then ttq = id. If a 7^ and (77+, 77") = (r/l-D^, ri\Dy), we define 

where {C,^,^~) is the solution of the equation 

{T'4){U'^ O /l^)^+, T'4){U~ O hy)^-) = TXa{Ti){u'^ O /l^.)^+, T'4){U~ O hy)7]~). 

Then near the boundaries of the discs, we have tt^ = id for all a G Bi and 
we extend tTq as identity to the complement of the small disk structure of the 
noded Riemann surface 5". 

We view the parameters (a, v) as splicing parameters, though v is actually 
ineffective, and define the splicing core K on E^ as the set 

K = {(a,f,?7)| {a,v) eO, r] e E^ and iVair]) = r]}. 

In the following we shall abbreviate by O the subset 

O = {{a, V, 7]) e K\ (a, v) e O and r] eU r\ E^ }. (11) 

The set O is an open subset of the splicing core K. 

Definition 3.10 (Good uniformizing family). If a = {S,j,M,D,u) rep- 
resents a smooth element [a] in Z, we call the family of stable maps 

{a,v,r]) ^-^ a^a,v,ri) ■= iSa,j{a,v),Ma,Da,®aexp^{r])), ia,v,r]) G O 

associated with good data, a good uniformizing family centered at the 
smooth a. 

From Remark 13.81 and Theorem 13.91 one concludes immediately the fol- 
lowing proposition. 

Proposition 3.11. Given an element [a'] & Z in the space of stable maps, 
there exists a good uniformizing family {a,v,r]) 1— )■ a(^a,v,ri), {0',v,ri) G O, 
centered at a smooth [a] G Z and there exists a parameter (ao, Vq, rjo) G O 
for which 
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Definition 3.12. If G is the automorphism group of the stable map {S,j, M, D, u), 
the action of G on (9 is defined by 

g*{a,v,ri) = {a',v\ri'), 9 e G, 

where (a', v') = g * (a, v) and rj' o g = rj. 

Proposition 3.13. If {a,v,ri) H- (y(a,v,ri), {ci,v,ri) eO, is a good uniformiz- 
ing family, and 

for two parameters {a,b,r]) and [a'^v'^rj') in O, then there exists an auto- 
morphism g & G satisfying 

{a\v\ri') = g* {a,v,ri) 

and every isomorphisms between the two stable maps is of the form 

9a ■ Oi{a,v,T]) -^ Oi{a',v',ri')- 

Proof. By assumption there exists an isomorphism 

(p ■ a{a,v,-n) = {Sa,j{a,v),Ma,Da,®a{exp^{r]))) 

-^ a{a',v',r,') = {Sa,j{a',v'),Ma',Da',®a'ieyip^ir]'))) 

satisfying 

©a(exp„(r/)) = ®a'{eWuiv')) ° <P- 

Take a point z G S in the stabilization. Such a point lies, by construction, 
at a finite distance to the core part of 5* which can be identified with the 
core part of Sa- Since the gluing takes place in the discs of the small disk 
structure, we have ©a(exp„(?7))(2;) = exp^(^^^{r]{z)) at z G E, and r/(z) e 

Hu{z) C Tu(z)Mu{z) C Tu(z)Q- 

In view of the data (2) and (8), the map {exp^{ri)\Dz is an embedding 
of Dz transversal to the manifold M„(^) and intersecting M„(2) in the single 
point z. Here we have used that the manifold Mu(z) is totally geodesic. By 
the data (9), there exists an automorphism g E G satisfying 

By definition of G, u{g{z)) = u{z) and hence. 



Similarly, the map exp„(?7')|Dc,(^) is an embedding of -Dc,(z) and intersects the 
manifold Mu(g(z)) in precisely one point, namely in g{z). Since 4>{z) G Dg{z), 
we therefore conclude that 

(j){z) = g{z). 

Hence, if 2; G S, then also (f){z) G E and consequently is an isomorphism 

{Sa,jia,v),{MUJ:)a,Da)^{Sa',j{a\v'),{MUJ:)a',Da') 

of nodal Riemann surfaces. In view of the data (10), there exists an auto- 
morphism g & G satisfying (a', v') = g * (a, v) and </> = ga- On the core part 
of S we therefore have ga = g and hence, using u o g = u, 



exp„(V) °9 = exp„(r/' o g) = exp„(r/). 



{x,y} 



Therefore, r]' og = r] on the core of S. The isomorphism (7^ maps Za/^y onto 

-^afgW.sCa)} ^°^ ^^^ nodal pairs {x, y} G D. Using the definition of ga, the fact 
that uog = u and the assumptions T^a{fi) = V ^nd iiaiv') = "'?'; i^ follows that 
rj' o g = f] on all of S". This finishes the proof of Proposition 13.131 ■ 

Remark 3.14. Let us note that (9 is a second countable paracompact space 
equipped with a finite group action by sc-diffeomorphisms 

GxO^O, {g,q)^g*q. 

The quotient space G\0 is again a second countable paracompact space and 
the projection map 

n:0^ G\0 

is trivially open since 7r~^(7r(f/)) is a finite union of the diffeomorphic images 
of U under the action of (7 G G*. 

The topology which we would like to define on Z should make the natural 
maps 

G\O^Z, [a,v,ri] ^ [^«, j(a, w), M„, D„, ©„(exp„(r/))] 

homeomorphisms onto their image. This leads us to the following definition 
of a neighborhood basis of an element [a'] G Z. We take a good uniformizing 
family q H- Og, q E O, satisfying [a^g] = [a'] for some go ^ O. Then we take 
the images of all open neighborhoods of go under the map 

q -^ K]- 



In order to prove that a different uniformizing family leads to a compatible 
neighborhood basis, the following key result will be crucial. To formulate it 
we start from the stable maps 

a = {S,j,M,D,u) 
a'={S',f,M',D',u') 



and take the two good uniformizing families centered at a, respectively at 
a', 

{a,v,r]) ^ a(a,v,v) = (S'a, j(a, w), M^, Da, ©aexp„(?7)) 

where {a,v,ri) G O, and 

{a',v',r]')^a[,,y^^,^ = {S',„j'{a',v'),M'^,,D',,,(Ba'exp^,{r]')) 

where (a', v', tj') E O'. In the following we shall abbreviate 

q = (a, V, 7]) eO and q' = {a', v', r]') G O' 

and correspondingly write g — > a^ and q' — )■ a'^, for the associated two good 
uniformizing families of stable maps. 

Theorem 3.15. We consider two good uniformizing families of stable maps 
q ^^ Uq parametrized by q E O and q' i— )■ a' , parametrized q' G O' . We 
assume that for two points q^ E O and q^ G O' there exists an isomorphism 

00 : ago -^ a^/ 

between the associated stable maps. Then there exist a unique local germ of 
an sc-diffeomorphism 

f:{0,qo)^{0',q',), q^q' = f{q) 

between the parameter spaces satisfying /(go) = Qo o.iT'd there exists a core- 
smooth germ of a family q \-^ (pg of isomorphisms 

(pg-. ag^ a}(g) 



satisfying 



)qo = (Po- 
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Proof. The proof proceeds in several steps. We first choose the set S' C S" 
of stabihzing points. The set satisfies, by definition, S' fl (M' fl \D'\) = 
and u'(T,') fl u'{M' fl \D'\) = 0. The preimage of S' under the postulated 
diffeomorphism 0o '■ Sao ~^ S'^, is denoted by 

The subset Gq is different from the nodal points Da^ and different from the 
marked points Ma^, and the nodal Riemann surface 



{Sao J {a, v), Mao UOo,/^, 



aoj 



is stable. Moreover, it is possible that 60 contains points lying in the neck 
regions of Sao- Considering {a,v) close to {aQ,vo), we denote by C S^ a 
deformation of 60 as defined in section 12.11 Therefore, we deduce from the 
universal family property of the stabilized target family (Theorem 12.171) the 
following result. 

Lemma 3.16. There exists a germ of a smooth map 

(a, V, 6) — !■ {a' {a, v, Q),v'{a, v, 6)) 

satisfying 

{a{ao,Vo,eo),v'{ao,vo,Qo)) = {0-0^^^), 

and there exists an associated core-smooth germ of isomorphisms 

<l){a,v,e) : {Sa,j{a,v),MaUQ,Da) -^ {Sa',f{a',v'),{M'UJ:')a',Da'), 
where a' = a' {a, v, 6) and v' = v'{a, v, 6), satisfying 

4'{ao,vo,0o) = 4'0- 

By definition of an isomorphism between stable maps, the diffeomorphism 

00 '■ San ~^ S', satisfies 

®ao eXp„(77o) = ®'a'o ^^Wu'iVo) ° 00- 

li z E Qq, then (j)o{z) = z' G S' and therefore 

©aoexp,(r/o)(z) = ©1, exp;,(r/^)(z') G M'^,^^,y 
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Hence the map (Bao exp„(?7o) : Sa^ — > Q intersects the embedded submanifold 
^u(z') ^^ ^^^ point z transversally, and we call the transversal intersection 
point z = z{ao,Vo,riQ) G S'a,j. If {a,v,r]) is close to (ao,fO)''7o) on level and 
hence in the C^-topology, it follows from Proposition 12 ■45l that also the nearby 
maps (Ba^Wuiv) '■ Sa ^ Q intersect the manifold M^,,^,-. C Q transversally 
at the unique points z{a, v, rf) G Sa so that 

©aexp„(r/)(z(a,w,r/)) G M'^,^^,y 

Moreover, the map 

{a,v,r]) h^ z{a,v,r]) G Sa 

is sc-smooth in the following sense, considering the fact that the target surface 
depends on a. Abbreviating q = (a, v, tj) and assuming that z^q^) lies in the 
core region of 5*, we can consider the map q — )■ z{q) as a map into the fixed 
surface S. If the point z{q) lies in a nontrivially glued neck, we describe the 
map with respect to the two distinguished polar coordinate systems [s, t] or 
[s', t'] and the maps obtained this way are sc-smooth. Hence we obtain the 
sc-smooth germ 

q^Qq = {z{q)} 

for q = {a,v,r]) near go and we can summarize the discussion as follows. 

Lemma 3.17. Let Qg consist of the unique points z{q) = z{a,v,ri) G Sa at 
which 

©aexp„(?7)(2(g)) G M'^,(^^,y some z G S'. 

Then the germ q ^ Qq at go ^s sc-smooth in the sense defined above. 

Recalling from Lemma 13.161 the germ of a smooth map 

(a, V, 6) H-). [a' {a, v, 6), f '(a, v, 6)) 

and the associated germ (a, v, 0) — t- (f)(a,v,e) of isomorphism, we define the 
germ of a smooth map as the following composition of maps 

a'{a, v,T]) : = a' {a, v, Q{a,v,-n)) 
v'{a,v,r]) : = v\a,v,Q(^a,v,rj)) 

and introduce the associated core-smooth germ g — > 0^ of isomorphisms 

'P{a,v,ri) '■= (P{a,v,e^a,v,v)) ' 

iSa,jia,v),MaUe^a,v,r,),Da) ^ (Sa' , f {a' , v'), (M' U J:')a' , D'^,) 
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where a' = a'{a,v,ri) and v' = v'{a,v,ri) and where {a,v,ri) is close to 
{ao,Vo,'no)- Then 

(f>{ao,vo,vo) = ^0 

{a'{ao,vo,r]o),v'{ao,vo,r]o) = (ao,^^o). 

In view of Lemma 13.161 and Lemma 13.171 and using the chain rule, we obtain 
the following lemma. 

Lemma 3.18. The germ 

{a,v,ri) -> {a'{a,v,7]),v'{a,v,ri)) 

is sc-smooth near {ao,Vo,r]Q). 

At this point we have constructed near qo = (ao,fo,''7o) the sc-smooth 
germ 

q-^ {a'{q),v'{q)) 

of functions and the associated core-smooth germ g — )■ 0^ of isomorphisms 

<P,: iSa,j{a,v),M,UQ„Da) ^ {Sa'ig),f{a'{q),v'iq)),iM'UJ:')a'ig),D',,^^)) 
where q = {a,v,r]). It satisfies, in particular, 

(j)q{z{q)) = z' E T,' for some z' G S'. 
By construction of z{q), the maps 

(©aexp„(r/)) o 0-^1^^^^ : 5^,(„^^,,) -^ Q 

are at the points z' G S' transversal to the submanifolds M'^,,^,y 
We recall that at go = {cLoy'^o^Vo) ^ C^, the map 0g(, = 0o satisfies 

©a'{go) expl,(r/o) = ©af, exp„(r/o) o 0-^^ 

With the following lemma the proof of Theorem 13.151 is complete. 

Lemma 3.19. For q = {a,v,r]) near go = (c^o, t^o, r/o) there exists a uniquely 
defined section ri'{q) of the bundle {u')*TQ near the section tj'q satisfying 

®a'{q) exp'^,{ri'{q)) = ©„exp„(r/) o (f)-\ 

the linear constraint conditions and {a' (q) , v' (q) , rj' (q)) G O' . In addition, 

q -^ r]'{q) 

is an sc-smooth map. 
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Proof. The formula 

®a'{q) exp^,(r/') = ©„exp„(r/) o 0^^ and ea'(g) V(g) = 

determines the section rj' as a function of g in a local way and the following 
observations simplify our task. 

Observation 1: Using a partition of unity argument in the target S' 
it suffices to show that r]' restricted to suitable subsets, as a function of 
(a, V, rj) is sc-smooth. The suitable subsets are either small open subsets 
whose closures do not contain nodal points or small open neighborhoods of 
nodal points. 

We can consider 77 as a variable or alternatively exp^(?7), since the map 
rj — )■ exp„(?7) is level- wise smooth, a classical nonlinear analysis fact, which 
is used in the construction of manifolds of maps in p]. 

Observation 2: If Zq is a point which is not a nodal point in \D'^, | C 5", 
the section rj' near Zq is determined by r/ near zq := 07^ ^ Jz'q) and zq is 
not a nodal point in {Daol- 

If z'q e S'^, lies outside of the discs of the small disk structure of 5" we 
have, in a neighborhood of z'^^ for q near qo, 

®a'(g)exp;,(r/') =exp^,(r/'). 

In this case the section 77' near z'^ is determined by the formula 

V' = (exp^O"^ ° ©aexp„(r/) o 0-\ 

Since the isomorphism (pg = (f)[a,v,@q) is core-smooth and g — )■ 0q is smooth, 
it follows from Theorem 12.461 and Lemma 13.171 using the chain rule, that the 
right hand side depends sc-smoothly on q. 

If z'q is in a neck we can study the two equations 

©a'(g)exp^,(r/') = ©aexp„(r/) o 0-^ 

©a'(<?)(V) = 

in an open neighborhood of z'q. Again the right hand side depends sc- 
smoothly on q. In the polar coordinates on the discs one sees that the unique 
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solution Vj = T]'{q) on a neighborhood of Zq is guaranteed by Theorem 12.471 
Moreover, {a' (q) , v' (q) , r]' (q)) G O and q — > ri'{q) is sc-smooth. 

Finally, we look at a nodal point Zq = x on S'. This implies that also 
(I)q^{z'q) = 2;o is a nodal point on 5". In this case a{x,y} = and aL, n = 0. 
A direct application of Theorem 12.471 implies our assertion. This completes 
the proof of Lemma 13.191 ■ 

With Lemma 13.191 the proof of Theorem 13.151 is complete. ■ 

3.2 The Natural Topology on Z 

The previous constructions allow, as already indicated, to equip the space Z 
of stable maps with a topology defined by the neighborhood basis B oi Z as 
follows. If [a'] G Z, we find by Proposition 13 . 1 1 1 a good unifomizing family 

q i-^ aq, q E O 

centered at the smooth class [a] and satisfying 

[a] = [ag,] 

for some qo E O. We shall denote by 

p:O^Z 

the projection map p(q) = [aj G Z. 

Next we take the image of the open sets in O under the map p. Among 
these images are sets containing [a']. The collection of all such sets for all 
classes [a'] E Z is denoted by B. 

Theorem 3.20. The collection B of subsets of Z is a basis of a second 
countable paracompact topology of Z , called the natural topology of Z . 

Proof. We first verify that i3 is a basis for a topology. By construction, the 
sets B cover Z. We now assume that V and V are two sets in B containing 
[a"] G V r\V' . Then there exist, by definition two uniformizing families 
q — )■ ttg, q E O and q' — )■ a^/, q' E O' satisfying V = p{0) and V = p'{0') 
for two open sets O E O and O' C O' which, as we may assume, are G- 
respectively, G'-invariant. Moreover, there exist points q^ E O and Qq G O' 
satisfying p(go) = p'(?o) ~ V^"]- Take an isomorphism 0o : aq^ — )■ a' , . By 
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Theorem 13. 15^ there exists a germ / : (0,go) ~^ iO',q'f^), q \-^ f{q) = q' 
of an sc-diffeomorphism satisfying f{qo) = q^ and there exists a germ of a 
core-smooth family g — )■ 0^ of isomorphisms 

satisfying 0gg = (pQ. Therefore, we find a small open neighborhood t/(go) C O 
such that U'{qo) := f{U{qo)) C O' is an open neighborhood of gg. Thus 
y = p{U{qo)) = p'{U\q'Q)) is an element of B satisfying 

V" dVn v\ 

and we have verified that the collection i3 is a basis for a topology on Z. 

In view of construction of S, the topology is Hausdorff. 

In order to verify that the topology is completely regular we take an 
element [ao] G Z and choose a good uniformizing family q — )■ a^, g G (9, 
satisfying [a^] = p{qo) for some go G O. Given an open neighborhood U of 
[tto]; there is an open neighborhood O C (9 of go which is invariant under 
the isotropy group Gg^ = {g ^ G\ g * qo = go} of go such that p{0) C U. We 
can choose O so small that ii g E G satisfies ((? * O) fl O 7^ 0, then g G Gg^. 
Next we take a smaller open neighborhood Oo C O of go having the same 
properties and satisfying Oo C O. Then we choose a continuous function 
/3 : O — )■ [0, 1] which is invariant under Gq^ and which satisfies /3(go) = and 
/3|(0 \ Oo) = 1. This map induces a continuous function V — )■ [0, 1] on an 
open neighborhood V of [ao] , which takes the value at [ao] and which takes 
the value 1 outside of an open set W G Z satisfying W G V. Extending this 
function by 1 over Z shows that the space Z is completely regular. 

Since a second countable Hausdorff space which is, in addition, completely 
regular, is a paracompact space, we shall finally construct a dense sequence 
in Z. Let us denote by Z the collection of all elements in Z without nodes. 
In view of the definition of the topology of Z, the subset Z of Z is dense in 
Z. It suffices therefore to find a dense sequence on Z. 

The compact manifold Q can be embedded as a smooth manifold in some 
M^ and hence we may assume without loss of generality that Q = M^. In 
this situation every stable curve of Z whose domain of definition has genus g 
can be represented by a tuple {Sg,j, M, 0, u) in which Sg is a fixed Riemann 
surface of genus g equipped with a smooth complex structure j and carrying 
the set M of m marked points. Moreover, u G H^{Sg,M.^). The space 
of smooth complex structures on Sg is separable as is the Sobolev space 
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H^{Sg,M.^). This implies that H^{Sg,Q) is separable. Since Sg is second 
countable, we find a countable set of marked point configurations containing 
m marked points, which is dense among all such configurations. This way 
we obtain a sequence of stable curves 

{Sg,jk,Mi,(!},Un) 

where k,l,n E N, whose associated classes 

{[(5„jfc,Mz,0,n„)]|fc,/,nGN} 

are dense in the open subset of Z consisting of elements having arithmetic 
genus g. Since we can do this for every genus g the space Z is separable. 
Consequently, the topological space Z is a paracompact space and the proof 
of Theorem 13.201 is complete. ■ 

3.3 The Polyfold Structure on the Space Z 

In the construction of the polyfold structure on the space Z of stable maps 
we imitate the Lie groupoid approach to the Deligne-Mumford theory. 
We take a good uniformizing family 

(a, V, 7]) t-^ «(a,i,,r,), where (a, v.-q) eO 

of stable maps centered at the smooth stable map a = {S,j,M,D,u), con- 
tinue to abbreviate 

q := {a,v,ri) G O, 

and define the graph J-" of the family as the set 

T={iq,ag)\qeO}. 

We recall that O is the open subset of a splicing core introduced in the 
formula fill I) in Section 13. 1[ We equip the set J-" with a natural topology by 
requiring that the projection map 

TT : J^ — )■ C, 7r(g, Og) = q 

is a homeomorphism. Then the sc-smooth chart (tt, O) defines the natural 
sc-structure on J-" so that J-" is an M-polyfold and the map tt : J-" — )■ (9 is an 
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sc-diffeomorphism. We shall use the M-polyfolds T the same way we have 
used the graphs of uniformizing families in the Deligne-Mumford theory. 

As we shall see it is convenient to view the points in the M-polyfold T as 
objects in some small category. The morphisms of the category are defined 
as follows. We consider T = {{q,aq)\ q e O} and J-'' = {{q',a'g,)\ q' G O'} 
where q' = {a',v',r]') G O'. For two points (g, «g) G J-' and (g',a^,) G J-"' for 
which there exists an isomorphism 

: Oq — )■ a'q, 

between the stable curves, we form the triple 

$ := ((g,ag),0, (g',ag,))- 

It is, by definition, a morphism of the small category. The set of all triples 
$ will be denoted by 



s : M{T, r) -^ J" 

s{{q,aq),(j),{q',a'g,)) = {q,aq) 

t : M( J-, T') -^ J-' 



The source map 

is defined by 

and the target map 

is defined by 

t{{q,aq),(f),{q',a'g,)) = (g',a^,). 

Next we equip the set M[J^, J-"') with a topology defined by means of a 
neighborhood basis. Let 

$ = ((g,ag),0,(g',a^)) 

be a morphism in M(J-', J-"'). We are going to define sets V of open neigh- 
borhoods of $. In view of Theorem I3.15[ there exists a germ of a local 
sc-diffeomorphism 

f:0^0\ q^ q\q) 

satisfying /(g) = q' and a germ of a core-smooth family 
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of isomorphisms satisfying 0q = 0. We consider the sets V consisting of 
morphisms {{q,aq),(j)g,{f{q),a'f,.)) with q E V C O where V is an open 
neighborhood of (j. We shall show that the sets V form a base for a Haus- 
dorff topology on M{J^,J^'). To see this, we take two such sets Vi and V2 
containing a morphism ^g^ = {{qo,C(qo)^(po,{(loy^'q'))- The set Vi consist of 
triples ((g, ag),0g, (/i(5'), a'. / J) in which q E Vi d O where Vi is an open 
neighborhood of gi, in which /i : Vi — ?■ /i(Vi) C O' is an sc-diffeomorphism 
satisfying f\{qi) = q'l, and in which q \-^ (f)^, ioi q E Vi, is a core-smooth 
family 0j : a^ — )■ a'.,-, of isomorphisms satisfying 0^^ = 0i. The set V2 
is defined similarly centered at the point q2, with the sc-diffeomorphism 
/2 : V2 — !■ /2(V2) C O', and the core-smooth family q ^-^ (t>l replacing gi, 
/i, and g (-)■ 0^, respectively. Since ((go, a^o): 0o, (?0'«qj)) G Vi n V2, it fol- 
lows that go G V^i fl V2. We next show that on a small open neighborhood 
of go contained in V^i fl V2, the maps /i and /2 coincide and the two maps 
g H^ 0g and g 1— )■ 0g also coincide. We consider for g e Vi fl V2, the following 
isomorphisms between the noded surfaces 

'/>J°(</'J)"':ak(<?)-^"/2W 
At the point go we have /i(go) = fi^qo) = q'o and 

<°«)"' = <^oo(0o)-'=id:<.^a;,. 

We claim that /i(g) = /2(g) for g close to go. Indeed, arguing by contradiction 
we assume that there exists a sequence (g^) C V^i fl V2 converging to go such 
that /i(gfc) 7^ f2{(lk)- In view of Proposition 13.131 and the fact that the 
group of automorphisms is finite, there exists an automorphims g such that 
f2{qk) = g*fi{qk) for all k and 0gfcO(0gJ"^ = fi'a^ where the gluing parameter 
ttk is the first component of /i(gfc)- Since (p"^^ o (0j,J~^ = id, it follows that 
(7 = id so that /2(gfc) = id * /i(gfc) = fi{qk) which is a contradiction. We 
conclude that indeed there exists an open neighborhood V3 of go contained 
in Vi n V2 such that /i(g) = /2(g) for all g e V3. Using similar arguments and 
Proposition 13.131 one shows that also 0j = 0^ for all g G V3. Consequently, 
setting /(g) = /i(g) = /2(g) and 0^ = 0^ = 0^ for all g G V3 and V3 = 
{((g, a), 0q, (/(g), Oi'f(q)))\Q ^ ^s}? we conclude that V3 C Vi fl V2. Hence the 
collection of sets V defines a basis of the topology on M(J^, J^'). 

Lemma 3.21. The topology on M{J^,J^') is Hausdorff. 
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Proof. We take two distinct points $g^ = ((q'l, «gi), 0i, (q'i, a'/)) and $,2 = 
((q'25 ^92)5 </'25 {Q2^C('„')) s-^d show that there are two disjoints sets Vi and V2 
containing $q^ and $^35 respectively. If gi 7^ g2, then we take two disjoint 
small open neighborhoods Vi and V2 of gi and ^2, and define the sets Vi = 
{((g,«),0g,(/i(g),«/,(g)))k e ^i} and V2 = {{iq,a),^l,{fi{q),a'f^^g^))\q € 
V2}. Clearly, Vi fl V2 = 0. If gi = g2 but q[ 7^ q2, then we find an open 
neighborhood ^ of gi = g2 such that fiiV) fl f2iV) = 0. Then the sets Vi = 
{((g, a), 0g,(/i(g), "/,(,)))!? e ^} and V2 = {((g, a), 0^, (/2(g), a^^(,)))|g G 
y} are disjoint. Hence we may assume that gi = g2, gi = g2, and 0i 7^ 02- For 
a small open neighborhood V^ of gi = g2 we apply Proposition 13.131 and find 
sc-diffeomorphisms fi'.V^O' and /2 : V^ — ;■ C satisfying /i(gi) = q'l and 
/2(g2) = g2 and the core-smooth famihes 0^ : a^ — )■ ajj(„) and 0^ : a^ — )■ a'r,^ 
of isomorphisms satisfying 0^^ = (pi and 0^^ = 02- The composition 



k2 



O I 



is an isomorphism for every q & V and at g = gi = g2 we have y- - \^qi^ 
02 ° (0i)~^ • Q^l' ~^ ct', which by assumption is different from the identity 
map. Again applying Proposition 13. 131 we find a possibly smaller open neigh- 
borhood of gi = g2, still denoted by V, and an automorphism g E G different 
from the identity map satisfying 

/2(g) = 9* fi{q) and 0j o (0i)-i = g^^^) 

where the gluing parameter a is the first component of /i(g). Hence 0^ = 
9a{q) ° 0i- Now since the families q ^-^ (pi and q ^~^ (p'i are core smooth we 
find an open neighborhood ^ of gi = g2 such that 0^ 7^ 0^ for all q E V . 
Consequently, the sets Vi = {((g, a), 0^, (/i(g), a^^(^)))|g G V^} and V2 = 
{((g, a), 0g, (/i(g), a'r^/ N))|g G V} are disjoint. We have verified that our 
topology of M(J^, F') is Hausdorff. ■ 

Recalling that the topology on J-" is defined by requiring that the pro- 
jection map TT : J^ — )■ O, 7r(g, aq) = g, is a homeomorphism, we see that 
the source map s : M{J^, J^') — )■ J^ and the target map t : M{J^, J^') — )■ J^' 
are continuous. Next we consider, in a small neighborhood of {qo,<yqo), the 
inject ive map 

F: J^^M(J^,J^'), 
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defined by T{q,ag) = ((g,^,),^^, (g'(g), ag,(q))), where q'{q) = f{ q) wi th the 
local sc-diffeomorphism f : O ^- O' guaranteed by Theorem 13.151 The 
compositions s o F : J-" — )■ J-" and t o F : J-" — )■ J-"' satisfy 

s o F(g, aq) = (g, Og) and t o F(g, a^) = (g'(g), ag'(g)). 

Therefore, the map t o F : J-" — )■ J-"' is, in view of Theorem 13.151 a local 
sc-diffeomorphism. We also conclude that the map F : J^ — )■ M(J^, J^') is 
continuous. Since F o s = id, i.e., 

F o s{{q, ag), (pg, {q'{q), «,,(,))) = ((g, «<?), (f)g, {q'{q), «g'(g))), 

we see that F and s are local homeomorphisms. Therefore, the local homeo- 
morphism 

allows us to equip the space M(J-', J-"') with an sc-structure which turns the 
source map s into a local sc-diffeomorphism. Hence also F = s~^ : T — )■ 
M{T , J-"') is a local sc-diffeomorphism and since t o F(g, a^) = {q'{q), Q^lvg)) ^ 
J-" — 7- J-"' is, by Theorem 13. 15^ a local sc-diffeomorphism, the target map 
t = (t o F) o F~^ : M{J^, J-"') — 7- J-"' is also a local sc-diffeomorphism. We have 
proved the following proposition. 

Proposition 3.22. If J-" and T' are equipped with their natural M-polyfold 
structures, then the set M{J^,J-'') of morphisms has also a natural M-polyfold 
structure for which the source map s and the target map t are local sc- 
diffeomorphisms. 

Using the same arguments, we obtain the following additional conse- 
quence of Theorem 13.151 

Proposition 3.23. Consider J^ , T' ^ and M(J^, J^') equipped with their nat- 
ural M-polyfold structures. Then, 

(1) The unit map u : T ^ M{T ,T\ defined by 

u{q,ag) = ((g,ag),id, (g,ag)), 
is an sc-smooth map. 
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(2) The inversion map i : M{J^,J^') — t- M{J^',J^), defined by 
i{{q, a<j), 0, (g', a'g,)) = {{q', a^,), (f)~\ (g, aj), 
is sc-smooth. 

Proof. By the previous proposition the source map s : M{J^, J-"') — t- J-" is 
a local sc-diffeomorphism and consequently defines a local sc-smooth chart. 
The map u is in these local charts represented by s o m = id and hence is 
an sc-smooth map. The inversion map i, composed with t and the locally 
inverted s, satisfies 

toio s^-^ = id . 

Consequently, locally i = t^^ o s is, by the chain rule, an sc-smooth map, as 
claimed. ■ 

In order to define the multiplication map in the small category, it is useful 
to first recall the definition of the fibered product and its properties given 
in Lemma 12.291 Now consider the M-polyfolds J-", J-"' and J-"" of graphs as 
introduced above. Then the multiplication map 

on the fibered product is defined by 

Proposition 3.24. The multiplication map is an sc-smooth map. 
Proof. We take two morphisms 

$1 = ((go,ago),0o,(gd,«y) e M{T,r) 
and 

satisfying t($i) = s($2) so that m($2,'^i) G M{J',J'") is well defined. The 
source map s : M{J^, J-"') — )■ J-" is a local sc-diffeomorphism and the local 
inverse s"^ maps (go, "go) ^ -^ into ((go, a go), o, (go, "go)) ^ M{J',J''). This 
local diffeomorphism, in view of Theorem 13.151 is of the form 

s-\q,ag) = ((g,ag),0g, (g'(g),a;,(g))) 
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in a neighborhood of {qo,Ciqo) where q H- q'{q) is a local sc-diffeomorphism 
of O mapping go into g'(go) = q'o- The same holds true for the source map 
si : M{F',F") — )■ F' . Its local inverse s^^ mapping {q'^.a',) E T' into 
((g^, «;j, 0[„ (g^', «,»)) e M( J-', D is of the form 

where g' i— >■ g"(g') is a local sc-diffeomorphism mapping gp into g"(go) = gg. 
Consequently, the inverse ■j/'"^ of an sc-smooth chart 

is of the form 

Also the source map S2 : M[T ^ J-"") — ?■ J-" is a local sc-diffeomorphism and 
defines a local sc-smooth chart. The representation of the multiplication map 
m in these local sc-smooth charts becomes S2 o "m o ■j/;"'^ which is equal to the 
identity map. Therefore, the multiplication map m is an sc-smooth map and 
the proof of Proposition 13.241 is complete. ■ 

One often represents a morphism $ G M[T ^ J-"') by the arrow 

$: s(<l>) -^t($), 

and if the morphisms $ G M{T ,T') and \I^ G M{T' ,T") satisfy t(<l>) = s(\&) 
one often writes the multiplication map as a composition 

m(\l>, $) = vl> o $ : s($) -^ t{^). 

Moreover, if i : M(J-', J-"') — )■ M[T\ J-") is the inversion map, one uses for the 
inverse arrow the notation 

$-1 :=i($) :t($) ^ s{^). 
We shall need later on the following compactness assertion in which the map 

is the projection p{q,aq) = [aq]. In view of the definitions of the topologies 
on Z and J-", the projection p : J-" — t- Z is continuous and the image p{J^) is 
open in Z. 
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Proposition 3.25. Let J-", T' and M{J^,J^') be the M-polyfolds introduced 
above. 

(1) // the sequence (zk) C p{J^) converges to z ^ Pi-^)> then every se- 
quence {qk,aq^) G J-" satisfying p{qk,aq^) = Zk possesses a convergent 
subsequence. 

(2) If zq e p{J^) r{p'{J^'), then every sequence ($fc) C M{F,J^') of mor- 
phisms satisfying 

p'{t{^u)) -^ zo 

possesses a converging subsequence ($a,'J for which s($fcj and t($fcj 
converge in T and T' , respectively. 

Proof. (1) We write z = p{q,aq). The preimage of z consists of tlie orbit 
{g * q, ag^q) wliere g is an element of the automorphism group G of a. If O 
is a small open neighborhood around (g, a,), then the union 

0= \Jg*0 

gdG 

is a G-invariant neighborhood of (g, Uq). Moreover, if we define U = p{0) C 
Z, then p~^{U) = O and U is an open neighborhood of z. By assump- 
tion Zfc — > z and hence Zk E U for k large and consequently, p~^(zfc) C O. 
Therefore, every sequence {qk, dq^,) satisfying p{qk, ag^.) = Zk possesses a sub- 
sequence converging to some point in p~^{z). This proves the statement (1). 

(2) Let $fc = {{qk,aq,),<f)k,{q'k,a'J) G M{T,r). We set Zk = p'{t{<^k)) 
and so, by assumption, Zk — )■ zq. By definition of a morphism, we have 
Zk = p{s{^k)) and since the limit zq lies in p{J^) np'{J-''), we deduce from 
part (1) of the proposition that, after perhaps taking a subsequence, we have 
the convergence 

s($fc) = (gfc, aqj -^ (go, a^o) in -^ 
t(<l>fc) = (g^,«;,)^(g^,a;,) in J^'. 

By Proposition 13.22^ the source and the target maps s : M(J-', J-'') — )■ J-" and 
t : M[J^, J-"') — )■ J-"' are local sc-diffeomorphisms and hence we find, in view of 
the above convergence, a converging sequence "^k satisfying s(\l/fc) = {qk, aqj 
and t(\l/fc) = (g^, a' , ). It is of the from 

^fe = ((gfc,agJ,Vfc,(gfc,"y) 
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and 

In view of Proposition I3.13[ the automorphism ip'f^^ o (f)/. : a^^ — )■ a^^ is of 
the form {gk)a^. ^'^^ ^ sequence (gk) C G. Since the automorphism group G 
is finite, there is a subsequence of (gk) for which gk = g for a fixed element 
g eG so that (5-^)0^ = ^'a^- Consequently, 

where the sequence {"^k) converges and the sequence (^^^ ^ o $;,) has a con- 
vergent subsequence. Since by Proposition 13.241 the multiplication map is 
sc-smooth, we conclude that the sequence $fc ^ M{J^, J-"') has a convergent 
subsequence. This finishes the proof of Proposition 13.251 ■ 

After all these preliminaries we finally construct the polyfold structure of 
the topological space Z of stable curves. For every z & Z we find by Propo- 
sition |3lTT] a good uniformizing family {a,v,ri) — )■ a{a,v,r]) where {a.v.rf) G O 
centered at a smooth stable curve a so that the map 

p:O^Z, p{a, V, 7]) = [a(^a,v,ri)] 

has z in its image U = p{0). Let J-a, A G A, be a family of such good 
uniformizers having the property that the open sets Ux = px{Ox) cover the 
space Z. 

In view of Theorem I3.20[ the space Z is a second countable paracompact 
topological space. Therefore, there exists a refinement Vx C Ux of the cov- 
ering having the same index set A, which is locally finite. (Of course, some 
of the sets Vx might be empty and we remove all those indices A for which 
Vx = 0.) Without loss of generality we may assume that Vx 7^ for all A G A. 
Then we replace the open sets Ox by the preimages Px^{Vx), for which we use 
the same letter Ox- We therefore may assume that we are given a countable 
collection of good uniformizing families 

qx -^ Qq^, qxeOx, XeA 

having the property that the images Ux = px{Ox), 

Ux = {K]\qxeOx} 

constitute a locally finite open covering of the space Z. 

104 



By X we denote the disjoint union of all the graphs F\ = {{qx, a^ )| ^a ^ 
Ox}, 

X = l[Tx 

AeA 

This disjoint union is an M-polyfold in a natural way and we view X as the 
object set of a small category. By X we denote the disjoint union 

A.A'eA 

which, by Proposition 13.221 is also an M-polyfold. 

Theorem 3.26. The M-polyfold X is the object set and the M-polyfold set 
X is the morphism set of a small category. The source and target maps 
s,t : X — i> X are surjective local sc-diffeomorphisms. The structure maps 
i : X — !> X, M : X — )■ X, and m : X^x^X — t- X are sc-smooth. In addition, 
X satisfies the properness assumption, so that X is an ep-groupoid. 

Proof. Except the last statement, the theorem follows immediately from 
Proposition 13.221 Proposition 13.231 and Proposition 13.241 

In order to prove the last statement we have to verify that every point 
X & X lies in an open neighborhood V for which the map t : s~^{V) — )■ 
X is a proper mapping. If x G X we first look at the projection p{x) G 
Z. There exists an open neighborhood U'{p{x)) such that there are only 
finitely many indices Ai, . . . , A„ for which U'{p{x)) fl Ux^ 7^ 0- We choose an 
open neighborhood U{p{x)) whose closure is contained in U'{p{x)), and let 
W = p~^{U{p{x))) C X be the preimage of U{p{x)). Then W is an open 
neighborhood of x whose closure is equal to W = p''^{U{p{x))). Finally, 
we choose an open neighborhood V oi x contained in some Uxi so that the 
closure V is contained in W, and consider the map 

t: s-\V) ^X. 

Assume that i^ C X is a compact set. We have to show that the preimage 
under the above map is compact too. Take any sequence (yk) in K and let 
(xk) G V he a sequence for which there exists a morphism $fc satisfying 
s($fc) = Xk and t($fc) = yk- After perhaps taking a subsequence we may 
assume that yk G J-a for a fixed j and yk — )■ y. Then ^k G M{J^Xi,J^x) 
for all k, and we conclude from Proposition 13.251 that $fc has a convergent 
subsequence. The proof of Theorem 13.26! is complete. ■ 
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If |X| is the orbit space of the ep-groupoid X, then the canonical map 
p : X -^ Z induces the homeomorphism \p\ : |X| — )■ Z. Hence the pair 
{X, \p\) defines a polyfold structure on Z and we have proved the following 
theorem. 

Theorem 3.27. The M-polyfold groupoid X is an ep-groupoid and the pair 
{X, \p\) defines a polyfold structure on Z . 

We now assume that we have constructed, following the same recipe, the 
second ep-groupoid X' with its canonical map p' : X' -^ Z and the associated 
polyfold structure (X', \p'\) of Z. In order to show that these different choices 
define equivalent polyfold structures on Z we proceed as follows. We first 
define X" = X ]J X' as the disjoint union of the corresponding J-\ and T'y 
and note that the associated open covering is still locally finite. Then we 
take the disjoint union of all morphisms as before. This way we obtain a 
third ep-groupoid X". The inclusion maps F : X — )■ X" = X]JX' and 
F' : X' -^ X" are equivalences. The weak fibered product X'" = X Xx" 
X' is again an ep-groupoid and the projections tti : X'" — )■ X and 7r2 : 
X'" — )■ X' are equivalences. Therefore, the ep-groupoid X'" is a common 
refinement of X' and X". The relation p{7Ti{X"')) = p' {tt2{X"')) implies 
that the pair (X'", \p o ttiI) defines another polyfold structure on Z. Since 
IpoTTil = |p||vri| = |p'||7r2|, the polyfold structures (X, \p\) and (X', \p'\) of Z 
are indeed equivalent and we have proved the following theorem announced 
in the introduction as Theorem 1 1.7[ 

Theorem 3.28. Having fixed the exponential gluing profile and a strictly 
increasing sequence {5i) C (0, 2ti) starting at 5q, the second countable para- 
compact topological space Z of stable curves possesses a natural equivalence 
class of polyfold structures. 

In other words, given the exponential gluing profile and the sequence (5j), 
the space Z is in a natural way a polyfold. 

We have constructed an equivalence of polyfold structures on the topo- 
logical space Z. In the following we shall refer to Z as the polyfold Z and 
keep the particular choices of the weights and the exponential gluing profile 
in mind when needed. 

3.4 The Polyfold Structure of the Bundle W ^ Z 

In this section we shall construct the strong polyfold structure on the bundle 
W —> Z introduced in Section [TT^ and prove Theorem II. 1U[ The construction 
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of the strong polyfold structure for our bundle W -^ Z starts from the 
polyfold structure {X, \p\) of the space Z of stable curves into Q, constructed 
in the previous chapter. The structure consists of the M-polyfold X and the 
homeomorphism |p| : |X| — )■ Z between the orbit space of X and Z. In the 
previous chapter we have constructed the object set X as the disjoint union 



x = II^. 



AeA 

of a countable family Tx of graphs J-" of good uniformizing families (we omit 
the index A) 

{a,v,r]) -^ a(^a,v,r,) = {Sa,j{a,v), Ma, Da,®aex.p^{r])) 

centered at smooth stable curves a = {S,j,M,D,u). Here {a,v,ri) G O 
and O is an open subset of a splicing core K'^ . We can view the sets O or 
equivalently, the graphs J-" of good uniformizing families, as the local models 
of the M-polyfold X. 

Abbreviating, as we did before, the good uniformizing family by g — )■ a^ 
where q = {a,v,r]), we shall construct the associated lifted family g — )■ «§■ 
such that its graph J^ is a strong M-poyfold bundle J-" — )■ J-". The disjoint 
countable union of the corresponding graphs J-a, 



E =Y[A 



aga 

is then a strong bundle E ^ X over the M-polyfold X. 

To this aim we fix a good uniformizing family q -^ ag, q = (a, v, t]) G O, 
centered at the smooth stable map a = {S,j,M,D,u), and denote by F 
the sc-Hilbert space consisting of maps z —^ ^{z), z E S \\D\, where ^{z) : 
{T^S,]) — )■ (T„(2)Q, J(u(z))) is a complex anti-linear map. Moreover, the 
map z — )■ ^{z) is of Sobolev class (2, 5q) as introduced in Section 11.21 The 
level k of the sc-structure on F corresponds to the regularity (2 -|- /c, 5^). The 
strong bundle splicing 7^ on (9 <F is defined by the strong bundle projection 

which is parametrized by (a, w, 77) G O, but actually only depends on a so 
that P(a,v,r]) = Pa- The projection operator pa is obtained by implanting the 
splicing projections using the previously introduced local charts tp on the 
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symplectic manifold Q, however, using this time the hat gluing ©^ and the 
hat anti-gluing 0^ operations. This way we obtain the splicing core 

K^ = {(a,i;,r/,0eO<F|p,(0 = e}. 
The splicing core K^ defines the strong local bundle 

by (a,w,?7,^) — )■ {a,v,ri). We observe that the automorphism group G of 
the original stable map a = {S,j,M,D,u) acts on K^ compatibly with the 
action already defined on O, namely by 

g * (a, V, 7],^) = {g*a,g*v,rio g'^, ^ o Tg~'^) 

for every g E G. 

In order to "lift" the good family g — )■ a^ to a good family g — )■ «§■ on 
bundle level, we introduce for v E V the complex linear bundle isomorphism 

a{v):{TS,j{v))^{TS,j), 

defined by, 

(^{v)h = -{id-joj{v))h. 

It satisfies a{v) o j[v) = j o a{v) and depends smoothly on w G y. Moreover, 
since j{v) = j on the discs of the small disc structure, 

a{v)h = h 

above the discs. Similarly, the complex linear map 

a{a,v) : {TSaJia,v)) -> (T^a, j(a, 0)) 

is defined by 

a{a,v)h= -{id-j{a,0)oj{a,v))h. 

Next we consider the complex anti-linear map .^(z) : (TzS,j) — )■ {Tu(z)Q , J {u{z)) . 
By implanting the hat gluing ©^ we have defined the glued section 
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along the glued map ©qM into Q. The composition ^ o a{y) is a complex 
anti-linear map 

(T,5,j(^))^(T„(.)Q,J(n(z))) 

which satisfies the identity 

®a{^oa{v)) = ©a(Oo(T(a,w). 

We have introduced earlier the exponential map exp : (9 — > Q, where 
Op = TpQ n C is a convex neighborhood of the origin Op in the tangent space 
TpQ having the property that the restriction of exp to Op is an embedding 
into Q. Let us fix a complex connection on the almost complex vector bundle 
{TQ, J) ^ Q. For example, if Vx is the covariant derivative on Q belonging 
to the Riemaniann metric wo (id ©J), the connection Vx, defined by Vx^ = 
V xY — \Jiy xJ)Y , is complex in the sense that it satisfies V x{,JY) = 
J(Vx^)- If 77 G Op is a tangent vector, the parallel transport (of a complex 
connection) along the path t H- expp(t?7) for t G [0, 1], defines the linear map 

r(expp(r/),p) : {TpQ,J{p)) -^ (Texpp(^)Q, J(expp(r/))) 
which is complex linear so that 

r(expp(r/),p) o J{p) = J(expp(r/)) o r(expp(r/),p). 
Given the point {a,v,ri,^) G K^ we define the complex anti-linear map 
^ia,v,r],^){z) : {T,SaJ{a,v)) -^ (Te,expjr,)(2)<5, ^(©a exp„(r/)(2))) 
at the points z ^ Sa\ {not-glued nodal points} by 

S(a,w,?7,0(^) = ^[®aexp^{r]){z),®au{z)] o©„(^)(z) oa{a,v){z). 
Observe that ioi g & G 

S(a, V, ?7, o Tg-'^ = E{g * a, g * v,r] o g~^, ^ o Tg~'^). 
Now, with the given good uniformizing family q ^ ag, explicitly given by 

(a,w,?7) -> {SaJia,v),Ma,Da,®aeWuiv))^ (a,t',r/) = g G C, 
we associate the lifted family g — > Sg, defined by 

(a, w, 77,0 -^ {Sa,Jia,v),Ma,Da,®aexp^{ri),E{a,v,r],^)) 
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where (a, v,ri,C,) = q ^ K^. li g ^ G then g induces an isomorphism 

which on the underlying a^ gives the usual isomorphism to Ug^^q and further 

S(5f * (a, V, 7], 0) '=>Tg = H(a, v, 77, 0- 

Let J-" be the graph of the lifted family g — )■ a^ and note that the bun- 
dle {a,v,ri,^) — )■ {a,v,ri) has the structure of a strong M-polyfold bundle. 
Therefore, the graph J-" carries trivially the natural structure of a strong 
polyfold bundle if we require that the graph map establishes a strong bundle 
isomorphism. Hence we have an sc-smooth projection 

Carrying out the above construction for all the graphs J-'a of good families 
for all A G A used to define the M-polyfold X, we define the strong polyfold 
bundle E ^ X over the object set X as the disjoint union of the associated 
graphs J-A of the lifted families 



E = l[^x^X. 



xeA 

We recall that the tuples a = {S,j, M, D, u, and a' = {S',j', M', D', u', f ) 
are called equivalent, if there exists an isomorphism ip : {S,j,M,D,u) — )■ 
{S',j', M', D', u') between the underlying stable maps satisfying, in addition. 

The set W is defined as the collection of all such equivalence classes. The 
canonical map 

associating with a point in E its isomorphism class, is defined by 

r((a, V, ?7, 0, (•S'a, j(«. ^)> Ma, Da, ®a eWuiv), -(«, V, 7], ^)) 

= [SaJia, v), Ma, Da, ®a exp^{r]), E{a, v, t], ^)]. 



no 



This map F covers the canonical map X ^ Z, so that 



E -^^ W 



X 



-^ z. 



So far we have constructed a strong M-polyfold bundle 

p:E^X 

over the object set X of the ep-groupoid (X, X). Next we have to construct 
the strong bundle map 

/i: E:=XsXpE ^ E 

covering t : X — t- X as specified in the definition of a strong bundle over an 
ep-groupoid. 

Proposition 3.29. There exists a strong bundle map /i : E := X^x^i? — > E 
which covers the target map t : X — )■ X of the ep-groupoid X so that 



t o7ri(<l>,e) =po/i(<|),e) 



for all ($, e) G XgXpE, 



XgXpE 



X 



-^ E 



-^ X. 



Moreover, fi has the following additional properties. 

(1) fi is a surjective local sc- diffeomorphism and linear in the fibers Ex 

(2) /i(l^., Cn,) = Cx for all X e X and e^ G E^. 

(3) /i($ o \|/,e) = /i($,/i(^, e)) for all morphisms $, ^ G X and e E E 
satisfying s{^) = p{e) and t(\E') = s($) = p(/i(\&, e)). 
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Proof. In order to define the map fi : X^XpE' -^ E we abbreviate q = 
{a,v,ri), q = (a,w,?7,0 and 

% = {Sa,j{a, V), Ma, Da, ©a exp„(?7), H(a, V, 7], 0). 

If $ G X is the morphism 

$ = ((g, ag), ip, (g', a^,)) : (?> "g) ^ (?'> "gO^ 
then the isomorphism 

^ : (5,,j(a,i;),M„Z}J ^ (5:„y(a',i;'),K',/^10 

satisfies 

©1' exp^,(77') o<p = ®a exp„(r/). 

If e = (g, %) G E, then p(e) = (g, «g) = s($). Hence ($,e) G X^x^E' and 
we define 

/x($, (g,%)) = (g',a^) 

where g' = {a',v',rj') and g' = {a' , v' , rj' , ^') = (g',^')- Moreover, ^' is the 
unique solution of the two equations 

2(a, V, T], = 2'(a', w', ?7', ^') o Tv9 



Explicitly, 

and 

Recall that the second equation implies that p'ai{C,') = ^' and thus requires 
that ^' is contained in the splicing core. 

If t : X — )• X is the target map and e = (g, «§-), then t o 7ri($, e) = t($) = 
(g', a^,) = p o /i($, e) so that /i covers indeed the target map. 
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Clearly, the map fi is surjective and linear on the fibers i?(g,a )• It 
also preserves the double- filtration {m,k), where < k < m + 1. More- 
over, if <l> = l{q,aq) = ((?5 ag)5id, (g, «g)) G X is the unit morphism, then 

/^(l(g,a,),(g,aq)) = (?,%)• 

To verify the property (3) we take two morphism \E', $ G X and e E E 
satisfying s{ip) = p{e) and t(\E') = s($) = p(/i(\E', e)). Then with e = (g, Sg) G 
E we have p{e) = (g, a^) = s(\E') and, using t(\E') = s($), 

^ = ((g, ttq), V^, (g', a'g,)) : (g, a^) ^ (g', a'^,) 

The isomorphisms ip : (S'a, j(a, w), M^, -Da) — ^ i.^'^'^fi.'^' i ''-'') ^^^'a'^^'a') ^^^ 
(^ : (5:„j'(a',t;'),M^„D:,,) ^ (5^',„/(a", ^;"), M^,„ D^',,) satisfy 

©1' exp;,,(r/') o ^ = ©„exp„(r/) 
©a" exp„„(r/") o = ©1, exp:,,(V)- 

In view of the definition of the map /i, 

/i(^, e) = /i(*, (g, %) = (g', a'-,) 

where q' = (a', v', r]', C,') = (g', ^') and where ^' is the unique solution of the 
two equations 

H(o,t>,i,,0 = H'(a',t>',i,',O°r^ 

§:-«')= 0. '"' 

Consequently, 

/i(<l>,/i(vl>,e)) =/i(<l>,(g',a'^")) = (g^',^^^), 

where q" = (a", f ", r/", C,") and where ^" is the unique solution of the equations 
^{a^v ,V^O = - {(^ ^v ,r] ,^ )oT(j) 

e:„(0^o. '"' 

On the other hand, since the composition $ o v]/ g X is the morphism 

$0* = ((g, a,), 0o7/;,(g", «;'„), 
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where o ■?/) is an isomorphism 

0oV; : {Sa,j{a,v),Ma,Da) ^ (S'^,,, f {a" , v") , M'^,,, D';,,) 
satisfying, in view of f lT2|) . 

©a" exp::.(r/") o (0 o V;) = ©',, exp:,,(V) o ^^ = ©.exp^r/), 

we have 

/,($ o ^, e) = ^($ o ^, (g, %)) = (f, a?.)) 

where r = {a",v",'r]") and F= {a" , v" , t]" , C,) , and 

a, = (5:,„ j"(a", .;"), M'^,,, D':,,, ®:„ exp,. exp(r/"), H"(a", i;", r/", 0). 

Here ^ is the unique solution of the following two equations, 

2(a, V, ?7, = 2"(a", t;", r^", ^ o T(0 o 7/^) 
C"(O = 0. 

In view of (ITSD and (HID 



S(a, ^, r/, = S'(a', t;', V, ^0 o T^ = H"(a", t;", r/", e") o T0 o T^ 



r = q" and Sf = a'-^. Consequently, /i($ o \1/, e) = (r, Sf) = (g", a"- 



In view of ©„//(^") = 0, we conclude by the uniqueness that ^ = ^" so that 
F = g" and Sf = a^. Consequently, /i( 

/i($,/i(\E', e)) as claimed in property (3). 

It remains to prove that ^' is an sc<-smooth map of (a, w,//,^) G K^. 
If ($0, (go,ago)) e E is given, where $0 = {qo,(yqo),fo, (^O'^g^)) is the mor- 
phism in X and (fo : ag^ —?■«', is an isomorphism, then there exists, in view 
of Theorem I3.15[ a core smooth germ q^ipgoi isomorphisms 

ipg : {Sa,j{a,v),Ma,Da,®aexp^{7])) -^ {Sij'{b,w),MiDl®hexp'^,{r]')), 

where q = (a, v, rj) and where h = b{a, v,r]), w = w{a, v, 77) and 77' = ri'{a, v, rj) 
are sc-smooth maps, and where ^pq,^ = ipo. Then the relationship between ^ 
and ^' is defined by 

r[©„exp„(?7),©„u] o©„(^) oa{a,v)oT(p'^^^^^^^ oa'{b,w)~^ 

= r'[©;(exp:.,r/'),©;(n')]o©;(o 
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and 

e.iO = 0. 

Here {b,w,ri') are the above sc-smooth maps of {a,v,r]). As in the previous 
chapter, a local case by case study shows that ^' is an sc<]-smooth map of 
{a,v,ri,C,) € K^ which is linear in ^. The ingredients and arguments in this 
study are similar to those in the proof of the sc-smoothness in the polyfold 
construction and the details are left to the reader. The map ^' is clearly fiber- 
wise an isomorphism. A similar discussion shows that its fiber-wise inverse is 
also a strong bundle map, which implies that /i is a local sc-diffeomorphism 
since it covers the local sc-diffeomorphism t. This completes the proof that 
/i is a strong bundle map. 

■ 

At this point we have constructed a strong bundle {E, /i) over the ep- 
groupoid X as defined in Definition 12.301 Recalling Definition 12.311 we are 
now in the position to define the structure of a strong polyfold bundle on the 
bundle p : W ^ Z. We consider the canonical map T : E ^ W introduced 
above. Denoting by \E\ the space of orbits under the morphisms in E, we 
see that F induces the map 

|r| -.{Ei-^w 

defined by 

We note that the existence of an isomorphism 

^ '■ «(a,i),r?,,e) ~^ Ca' {a' ,v' ,7j' ,^') 

implies the existence of an isomorphism ip : «(a,i),»)) — ^ «(„/ j,/ „/) and since 
(a, v.rf) ^ (^{a,v,ri) is a good uniformizing family, this implies, as we have seen 
in the previous chapter, that (a', u', r]') = g*{a, v, rf) and ip = ga for a suitable 
element g & G. It therefore follows from the definition of fi that the map 
|r| : |i?| — )■ VT is a homeomorphism. Recalling the natural homeomorphism 
\p\ : \X\ —7- Z between the orbit space |X| and Z, defined as 

\p\{\{a,V,r],a^a,v,ri))\) = ["(a.t^.r,)], 

and the projection functor P : E ^ X introduced in Section 12. 2[ and in- 
ducing the map \P\ : \E\ — )■ \X\ between the orbit spaces, we conclude that 
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\p\ o \P\ = po |r|, so that the diagram 



1^1 



1^1 



■> \X\ 



\p\ 



w ^^ z 

commutes. Therefore, the triple (P : E -^ X, |r|, |p|) defines the structure 
of a strong polyfold bundle on the bundle p:W^Zas claimed in Theorem 
11.101 in the introduction. 

Herewith the proof of Theorem II.IUI is complete. ■ 
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4 The Nonlinear Cauchy-Riemann Operator 

The chapter is devoted to the Cauchy-Riemann section of the strong polyfold 
bundle W ^ Z constructed in the previous section. Its solution sets are the 
Gromov compactified moduli spaces. We shall prove, in particular, Theorem 
11.111 of the introduction. 

4.1 Fredholm Sections of Strong Polyfold Bundles 

We begin with the definition of a section of a strong bundle. 

Definition 4.1. Let P : E = {E,E) ^ X = (X,X) be the strong bundle 
over the ep-groupoid X introduced above. A section of the strong bundle 

P is an sc-smooth functor 

F -.X ^ E 

satisfying P o F = id. 

An sc"'"-section of the strong bundle P is a section F which induces an 
sc-smooth functor (^, X) — ;• (i?°'^, E°'^) where i?°'^ resp. E°'^ are equipped 
with the grading (-E°'^)m = Pm,m+i resp. (E°'^)m = Em,ni+i for m > 0. 

The functoriality of the section F : X -^ E implies for the section F : 
X — )■ P on the objects sets that 

/i((/.,P(x)) = P(y), 

and for the section F : X — ;■ E on the morphisms sets that 

F(^) = (^,P(x))gX, XpP 

for every morphism c/? G X satisfying s{(f) = x and t{ip) = y where s, t : X — >■ 
X are the source and the target maps. 

Definition 4.2. A Fredholm section P of the strong bundle P : (P, E) — >■ 
{X, X) over the ep-groupoid {X, X) is an sc-smooth section P of P which, as 
a section P : X — !■ P on the object sets, is an M-polyfold Fredholm section 
as defined in Definition 3.6 in [22] and recalled in Section [2751 above. 



An example of a Fredholm section is the Cauchy-Riemann operator dj 
dealt with in the next chapter. The Cauchy-Riemann section dj of the bundle 
W ^ Z is defined as 

dj{[S,j,M,D,u]) = [S,j,M,D,u,^{Tu + JoTuoj)]. 
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In the strong bundle structure (P : -E — > X, F, 7) of the bundle W ^ Z the 
section dj is represented by the section F : X ^ E on the object sets defined 
by 

F{q,ag) = ((g,0,a(g,o)- 

Here, q = (a, v.rf) & O and (g, ^) G K^ where ^ is the unique solution of 
the two equations 



^ai' i(O=0 for all nodal pairs {x,y} & D. 

The next chapter will show that F is a Fredholm section in the sense of 
Section 12. 31 

li p : W ^ Z is a. strong polyfold bundle and (P : P — > X, F, 7) a strong 
polyfold structure of p, then the smooth section F oi P : E -^ X defines a 
continuous section / of the bundle p : W ^ Z hj 



/ o 7 = F o \F\. 



In diagrams, 



\X\ 



\F\ 



\E\ 



-^ Z 



-> w. 



Let (P' : E' — )• X', F', 7') be an equivalent strong bundle structure for p : 
W ^ Z in the sense of Definition 3.30 in [22], and let (/', F') the associated 
pair of sections where /' o 7' = F' o \F'\. Then the two pairs (/, P) and 
(/', P') are called equivalent, if /' = / and if there exists an s-isomorphism 
21 : P — )■ P' (as defined in [22]) whose push- forward satisfies 2t*(P) = F'. 

Definition 4.3. An equivalence class [/, P] of sections is called an sc-smooth 
section of the polyfold bundle p : W ^ Z and the pair (/, P) is called a 
representation of the map f : Z ^ W in the model P : E ^ X. 

In view of Proposition 2.25 in [22] these concepts are all well defined. We 
recall from [22] the following definition. 
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Definition 4.4. The section / of the strong bundle p : W ^ Z is called a 
Fredholm section provided there exists a representation F oi f which is a 
Fredholm section of the strong bundle P : E ^ X belonging to the polyfold 
structure {P : E ^ X,\T\,\p\) oi the strong bundle. 

The Fredholm section / is called proper if the solution set 

S{f) = {zez\f{z) = 0} 

is compact in Z. 

We end with a useful remark. 

Remark 4.5. Consider the strong bundle over the ep-groupoid E ^ X. If 
we consider a morphism in E, say $ : e — )■ e', we observe that the associated 
t o s^^ defines an isomorphism between two strong bundles T : E\U ^ E\V, 
where U,V G X are open subsets of object space with a natural represen- 
tation and sc-diffeomorphic by the local diffeomorphism 7 underlying t o s~^ 
(on the £■- level). The points in E have the form 

(a, V, ?7, ^, SaJia, v), Ma, Da, ©a exp„(?7), H(a, v, 77, 0)- 

and are mapped to similar (primed) data, where then {a',v',r]',C,') are sc- 
smooth functions of {a,v,rj,^). Moreover the transformation is linear in ^. 
The crucial point is the following which will allow for a more specialized 
perturbation theory. Namely if ^ vanishes near nodal points in \Da\ then the 
same is true for ^' near \D'^,\. This holds in a uniform way with respect to 
some open neighborhood of the underlying {a,v,ri). A similar assertion is 
true with respect to vanishing near marked points in M . As a consequence 
we can distinguish a subclass of sc"'"-multisections which vanish near nodal 
points or near marked points. If we take the sum of two such multi-sections, 
see 122], the same remains true. 



4.2 The Cauchy-Riemann Section: Results 

In this section we describe the main results of the chapter. Their proofs are 
postponed to the later sections. 

As before we denote by {Q.,uj) a closed symplectic manifold of dimen- 
sion 2n and by J a compatible almost complex structure on Q. The bundle 
p : W -^ Z over the space Z of stable curves from the noded Riemann 
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surfaces into the manifold Q is equipped with the structure of a strong poly- 
fold bundle. The nonlinear Cauchy-Riemann operator defines the continuous 
section dj of the bundle p via 

where djj{u) = |(Tm + J{u) o Tu o j). The section dj will be abbreviated 
by / = dj. The section / is induced from the section F of the model 
P : E -^ X which is a strong bundle over the ep-groupoid X. The pair 
{F, f) will be called the nonlinear Cauchy-Riemann section of p. The key 
result is the following theorem. 

Theorem 4.6. The Cauchy-Riemann section {F, f) ofp defines an sc-smooth 
component proper Fredholm section. On the component Zg^k,A the real Fred- 
holm index is equal to 

2n{l - g) + 2ci{A) + 6g-6 + 2k, 

with 2n = dim Q, where g is the arithmetic genus of the noded Riemann 
surfaces, k the number of marked points and A G H2{Q). Moreover, f has a 
natural orientation. 

The orientability is discussed in full generality from an abstract point 
of view in [25] and is illustrated in there by a detailed discussion covering 
also the Symplectic Field Theory. The component proper assertion involves 
arguments of Gromov compactness as explained in Remark 14 . 1 1 b elow . The 
index calculation is well-known. The Fredholm index can be deduced from 
the corresponding results in [31] and [33]. The technology can be found 
in [HI [71 HO] . We should mention that in these computations the nodes are 
treated as singularities so that the punctured Riemann surfaces are manifolds 
with cylindrical ends. Theorem 14.61 will follow from the three Propositions 
14.71 14.81 and 14.91 which we present next. 

As described in Section lX^ the Cauchy-Riemann section in the ep-groupoid 
description has, in the local sc-coordinates, the form 

(a,w,?7) h-^ (a,w,?7,0 

where {a,v,ri) e O and {a,v,ri,^) G K^. The map ^ is the unique solution 
of the two equations 

S(a,w,r/,0 = 9jj(a,„)(©aexp„(r/)) 
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for all nodal pairs {x, y} G D. In view of the definition of S in the construc- 
tion of the strong bundle structure, the above equations become 

for all nodal pairs {x,y} G D. 

Proposition 4.7. The Cauchy-Riemann section dj of the bundle p : W —> Z 
is sc-smooth and regularizing. In particular, all the local expressions 

O^K^, (a, w, r/) h^ (a, t;, r/, 

are sc-smooth and if (a, t',?7,.^) G K^^^^^, then it follows that [a,v,ri) G 
Om+i ■ 

The proof of Proposition 14.71 is postponed to Section 14.41 
As recalled in Section [^75| in order to verify the (polyfold-)Fredholm prop- 
erty of the section dj it remains to show that for every smooth point the germ 
of dj around this point admits a filled version which is conjugated to a sc°- 
contraction germ. 

In order to construct the filled section we denote for every nodal pair 
{x, y} E D the image under the map u by 

q{x,y} = u{x) = u{y) G Q. 
If the gluing parameter a = a{x,y} does not vanish we denote by 

f{x,y} _ fr3,5o(fi{x,y} rp ^\ 

the usual sc-Hilbert space (introduced in Section 12. 4p of mappings defined 
on the infinite cylinder Ca having antipodal asymptotic constants. The level 
m refers to the regularity (m + 3,5^)- As always, the strictly increasing 
sequence {5m) belongs to (0,27r). If a{x^y] = 0, we set 

st'^ = {0}. 

Similarly we abbreviate 

-p{x,y} _ TT2,5a(n{x,y} 7^ /n^ 
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if a = a{x,y} 7^ and otherwise set J-'q '^ = {0}. 

At every nodal pair {x, y} G D, the hnear Cauchy-Riemann operator 

do"'^ (k) = dsk + J{q{^^y})dtk, 
is an sc-isomorphism 

Here (s,t) are the distinguished coordinates on the infinite cyhnder Ca^f^^ 
as explained in Section U3] below. If a[x,y} = 0, this linear Cauchy-Riemann 
operator is the zero operator between two trivial spaces. The filled section 
is defined as the map 

ia,v,r])^^ (16) 

where it is not assumed that (a, v, rf) E O anymore. Instead the section rj 
of u*TQ, having matching asymptotic constants across the nodes, is merely 
required to satisfy the constraints 

r]{z) E Hu{z) 

at the points z G S of the chosen stabilization set S on S. Moreover, the 
map ^, which associates with every point z E S\\D\ & complex anti-linear 
map 

e(^):(r,5,j)->(T.(.)Q,J), 

is now determined by the equations 



r(©a(exp„(?7)),©a(n)) o©„(^) oa{a,v) = djj(a,v){®aexp^{r])) 



for all nodal points {x,y} E D. 

Let us denote by £ the sc-Banach space consisting of the sections rj of 
the bundle u*TQ of class (3,(5o), having matching asymptotic conditions 
at the nodes and satisfying the constraints ri{z) E Hu{z) at all the points 
z E Tj oi the fixed stabilization set S. By A^ we denote the vector space 
of gluing parameters {a{x,y}){x,y}&D and by E the vector space containing 
{] E V (Z E where v E V parametrizes the complex structures j{v) on 5". 
Given a = {a{x,y}\ {x,y} E D} E N satisfying |a{a:,j,}| < | and given r] E S, 
we denote by Qa{v) ^be tuple 



■<"> = «-'"'},.*. 
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The total gluing takes the form 

Similarly, the total hat-gluing has the form 

By do we shall denote the tuple of operators 

I ) {x,y}&D 

For the following considerations we shall rewrite the equations (fT7|) as follows, 
T{®aeWuiv),®a{u)) o (B^{^) o a{a,v) = djj(a,v){®aeWu{v)) . . 

Let us denote by O a small open neighborhood of the origin (0, 0, 0) G 
N(BE(BS. By J-" we denote the collection of all maps z — )■ C,{z) of class (2, So), 
which associate to a point z E S \ \D\ a map ^{z) : {TzS,j) — )■ (Tu(z)Q, J) 
which is complex anti-linear. The sc-structure is given by saying that level 
m consists of maps of regularity (m + 2,6m)- If {0',v,r]) G O, we compute 
the map ,^ G J-" as the solution of the equation f lTSj) . This defines the map 

fiO^J", i{a,v,r])=^. (19) 

Proposition 4.8 (Filled version). The map i : O ^ J-' defined by flT9|l is 
sc-smooth. It is a filled version of the section F in the ep-groupoid represen- 
tation. If s is an sC^ -section satisfying s(0,0,0) = f (0,0,0), then f — s is 
conjugated near (0, 0, 0) to an sc^ -contraction germ. 

The proof of Proposition 14.81 is carried out in Section 14.51 
Proposition 14.71 together with Proposition 14.81 demonstrate the Fredholm 
property of dj. In order to prove these two propositions we shall establish 
useful local coordinates expressions for the equations (fT7|) making use of the 
fact that all the occurring expressions are local in the sense that the properties 
of the solutions ^ near a point z E S depend only on rj and u near z (besides 
on the parameters (a, f ) of course). In the study of nonlinear elliptic pde's 
there are standard ways to obtain global estimates from local estimates. We 
shall use these ideas as well. However, the crucial difficulty going beyond the 
classical estimates, is to obtain estimates in the neighborhoods of the nodal 
points, which are independent of the gluing parameter a. 
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Proposition 4.9. The Cauchy-Riemann section dj of the bundle p : W ^ Z 
is component proper. 

Remark 4.10. This is essentially the Groniov compactness theorem and as 
such a special case of the results in [T]. There is, however, one issue which has 
to be pointed out. In principle we need to show that the induced topology 
from X on the solution set is a compact topology. Now as it turns out 
this induced topology is the same topology as that usually constructed when 
dealing with Gromov compactness. As long as one is away from the nodes, 
one uses the fact that gradient bounds imply C°°-bounds. At the nodes the 
usual discussion has to be sharpened by using some of the results (or easy 
variations of) from [24]. We leave the details to the reader. 

4.3 Some Technical Results 

In this section we collect some technical tools which will be used in the proofs 
of Proposition 14.71 and Proposition 14.81 

As usual the strictly increasing sequence {Sm)m.>o is fixed and satisfies 
< 6m. < 27r for all m > 0. We recall that the Hilbert spaces Fj^ = 
^2+m,5™^^± X 5^), m > 0, consist of L^-maps 

whose weak derivatives D'^u up to order 2 + m belong, if weighted by e*^™'*', 
to the space L'^{R^ x S^) so that e^^l^l^^u G L'^{R^ x S^) for all |a| < 2 + m. 
We equip the Hilbert spaces 



with the norms \{^+,^ )\l^ ■= Il^^ll2+m,5„ + 11^ \\l+m,s^, where 
11^^111,..^= E / \D-e{s,t)\'e''-\'\dsdt. 

I 1^ JE±xS'1 
|a|<m 

The space F := Fq is an sc-Hilbert space and the nested sequence (-Fm) 
defines an sc-structure on F. 

We will also need the sc-Hilbert space E consisting of pairs [rj^.,rj~) be- 
longing to 

124 



and having matching asymptotic hmits in the sense that \iTsis^ooV~^i^^t) = 
hms_i._oo''7~(s, t). The sc-structure is given by the spaces E^ of regularity 
(m + 3, 6m)- If ('7''', ^7") G Em, then 77^ = c + r^ for some constant c and its 
E'm-norm is defined by 

We recall from Section 12.41 that the total hat-gluing map 

Qa = (©a, ea):E^G'' = H^Z^, M^") © //'''"(C,, M^") 

is an sc-linear isomorphism for every gluing parameter a G Bi satisfying 
a 7^ 0. If a = 0, then 

□o=(©o,0):F^Go = F©{0} 

is the identity map. Now we define for a 7^ the maps 

D^, Dl:E-^F 

by 

A"(r/+,r) = H:'(5*(©a(r/+,r)),0) 

D:(r^+,r) = H:'(5.(©a(^^r)),0) 

and correspondingly set, if a = 0, 

A°(r/+,r/-) = a,(r/+,r/-) 
D°(r;+,r/-) = 9.(r/+,r/-) 

Similarly, the maps 

Cf , C^-.E^F 

are defined, for a 7^ belonging to Bi , by 

Cf(r/+,r/") = H:'(0,9,(ea(^+,r))) 
C:(r/+,r^-) = H:'(0,9.(ea(r/+,r/-))) 

and, if a = 0, by 

C°(r/+,r/-) = = C°(r/+,r/-). 

125 



Proposition 4.11. The maps Bi Q) E ^ F, defined by 

(a, {r]+, r]~)) ^ D^{r]+, rj") and (a, (r/+, rj")) ^ £'^(r/+, r/"), 

are sc-smooth. The same holds true if we replace the maps D^, Df by the 
maps Cg,Cf. Moreover, for every m there exists a constant Cm > inde- 
pendent of a such that 

and 

The proof of the proposition is carried out in Appendix 15.51 
Now, let E^^\ F^^\ resp. F^^^^ be the sc-Hilbert spaces of functions, 
whose domains of definitions are half-cylinders as above, but whose image 
spaces are the Euclidean spaces M^,M^ resp. M*"^ instead of M^". 
The natural evaluation map 

will be denoted by 

{G,v) y-^G-v. 

With a smooth map 

we associate the mapping 

2 

defined for a 7^ as 

I(a,(n+,n-),(r/+,r/-)) = (e+,r) 
where the pair {^^,^^) E F^'^'-'^ is the unique solution of the two equations 

®a{t,r)iz) = A{®a{u+,U~){Z)) ■ ©,(r/+, 7/") (z) 

for z G Za- If a = 0, we define ^4(0, («"•", u~), {ri~^,ri~)) = (yl(u+)?7+, A{u~)r]~). 

126 



Abbreviating the notation we shall write ^ instead of (^^,^~) and u in- 
stead of (n+, u~) etc. so that the above two equations defining A{a, u^rj) = ^ 
become 

©,(0 = A{®a{u)) ■ ®a{ri) 

For a E Bi fixed we denote by 

the induced map Aa{u,r]) = A{a,u,r]) and introduce, for fixed a G -Bi and 
fixed level m, the map 

defined by La{u) = A{a, u, ■). 
Proposition 4.12. 

(1) The bundle map 

{B._ © E(^)) < F^'^^ ^ (i?i © E(^)) < fW, 

((a,M),?7) h-^ ((a,M),l(a,M,r7)) 

zs an sc<i-smooth map. If uq E Em and e > are given, then the 
following estimate holds, 

\A{a, u, Tj) - v4(a, uq, tj) \ (m) < e ■ |^L(k) 

m-\-i m-\'i 

for all u G Em sufficiently close to uq on the level m, for all r] G iVi+i? 
for all a E Bi, and for i = 0,1. 

(2) For a fixed gluing parameter a E Bi and the fixed level m, the map 

La : Em — ;■ C{Fm , Fm ) is of class C^ and, denoting by DLa{u){u) 
the linearization of La at the point u in the direction of u, the map 

Ei©e(^)©e(^)©fw^f(^-^), 

2 

defined by 

{a,u,u,ri) t-^ [DLaiu){u)] ■ r], 

is of class sc^. 
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(3) Given a level m, a point (ao,iio) £ Bi © Em , and a positive number 
e > 0, the following estimate holds, 

I \DLa{u) ■ (u) - DLa{Uo) ■ (u)] ■ T]\ (M) < S ■ \u\ (N) ■ \r]\ (K) 

for all a G Bi, u sufficiently close to Uq on level m, and for all u G 

Em , and all r] G Fm ■ 

The proof of Proposition 14.121 is postponed to the Appendix 15. 71 

Next we recall from [26] the estimates for the total hat-gluing map E\a 

and the total gluing map Hq. If the gluing parameter a satisfies < |a| < |, 

the space 

G" = H\Za,R^'') © //2'^°(Ca,M2'^), 
has the sc-structure given by the sequence W^+'^{Za, M2n)^^m+2,5„ (^q^^ ^2n-^_ 
If a = 0, we put G" = F® {0}. 

For a map g : Z^ — )■ M^" on the finite cylinder in H^^Za,^^"") we define 
the norms 

klls=Y. [ \D-q{s,t)\'.e''^^^~-^^dsdt (20) 

where 5 G M. 

If the map p : Ga ^ M^" on the infinite cylinder Ga has vanishing asymp- 
totic constants we set p{s,t) = p{[s,t]) and define the norms 

Mls= E / \DMs,t)re''\^-^\dsdt. (21) 

We introduce the G^-norm of the pair (g, p) G G" by setting 

\iq,p)\l := e^-^ ■ [||g||U-5„ + N^n-i-2, J • 

With the total hat gluing Ba{^+,r) = (©a(r,r), (§«({+, T)) e G^ 
defined on {^~^,^^) G F, the following estimate is proved in [SB], Theorem 
2.26. 

Proposition 4.13 (Total Hat-Gluing Estimate). For every m > there 
exists a constant Gm > which does not depend on a, such that 

7^-Kr,rjii^,„<|Ha(r,rjiGs 

for \a\ < \ and (^+,C") G F„ 



i(^+,r)U,„ < |Ha(r,r)iG<^ < Cm ■ i(r,r)iF„ 
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A similar estimate holds true also for the total gluing map Hq. Recall 
the previously introduced space Hl'^° consisting of all pairs (t]"*", rj~) of maps 
rj^ : M^ X 5*^ — )■ M^" which have the same asymptotic constant c such that 
Tj^ — c belongs to if^'^°(M^ x 5"^, M^"). The sc-structure of this space has the 
regularity (3 + m, 5m)- In this case we introduce for < |a| < | the sc-space 
G" by G" = H^{Za,M?'') © H^'^o{Ca,M.'^'') with the sc-structure 

where p G if^"'"^''^'"(Ca,]R^") possesses antipodal contants Poo = linis->ooP(s, t) 
— lims_j._oo p{s, t) and we associate with p the map p:Ca^ ffi^" defined by 

p{[s,t])=p{[s,t])-[l-2(3a{s)]-p^. 

Then p has vanishing asymptotic limits and we define the norm on level m 
of (g,p) eG^by 

I(9,P)Ig?„ := Ma -Pool'' + e'-^'ilq - [g]a +Poo||^+2,-,5,„ + ll^lm+2AJ 

where the mean value [q]a is the number 

[l]a = j^Q{[§,t])dt, 

and where p = p — {1 — 2(3a) ■ Poo- For the total gluing map □^(r/"'", rj~) := 
{®a{v~^,V~)^Qa{v^^V~)) ^ -^) th^ following estimate is proved in [26], The- 
orem 2.23. 

Proposition 4.14 (Total Gluing Estimate). For every m > there exists 
a constant Cm > independent of the gluing parameter a such that 

7^ ■ \{v^,V-)\e^ < I Ha {v^,V~)\g^^ < Cm ■ |(r/+,r/-)U„ 

for \a\ < I and all {ri~^,ri~) G Em- 

Finally we recall some results about linear Cauchy-Riemann type opera- 
tors, which follow easily from the usual methods for linear elliptic operators 
on domains with cylindrical ends as presented in [31], combined with the well- 
known index calculation for the Cauchy-Riemann operator on the sphere. We 
present an abbreviated version of the Appendix 4.4 in [SB]. Given two copies 
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of a bi-infinte cylinder R x 5*^, say S"*" and S", we can construct, given a 
nonzero gluing parameter a, the finite cylinder Z^ and two infinite cylinders 
Ca and Z* as illustrated in Figure [T2l The two cylinders E^ have parts which 
are shaded in different ways in order to identify the differences between Ca 
and Z*. 

We denote by if^'^°(Ca, M^") the usual sc-Hilbert space with antipodal 
asymptotic constants, where the level m is given by regularity (m + 3,5^)- 
As usual the sequence [bm) belongs to (0,27r). 

Proposition 4.15. The Cauchy-Riemann operator 

is an sc-isomorphism, and for every m > there exists a constant Cm > 
which is independent of a, such that 

for all ^ e i7,3+'"'^™(C„, M2"). 



To state the next theorem we recall that the Hilbert spaces if 3+m,-5„ ^^*^ M_'^^'j 
for m > consist of maps u : Z* ^ M.'^"' for which the associated maps 
u -.Mx S^ -^ M^", defined by (s,t) — )■ M([s,t]) have partial derivatives up to 
order 3 + m which, if weighted by e"''™-''*" a"! belong to the space L'^(Kx S^). 
The norm of n G H'^+m,~5,^(^z*, M^n) jg defined as 






The spaces H'^~^"^~^'"{Z*,R'^"') and the norms ||M||2+m-<5„ ^^'^ defined analo- 
gously. We denote by [u]a the average of a map m : M x S*^ — > R^ over the 
circle at [f ,t], defined by 



\u\a := / u 
'51 



R 

—,t 
2' . 



dt 



where the number R is equal to R = '^{\a\) and ip is the exponential gluing 
profile. 
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Figure 12: The extended cylinder Z*. 



Proposition 4.16. The Cauchy-Riemann operator 



da:H 



3+m,—Sr, 



{z- 



t)2n\ 



^ H 



2+m,—5ri 



(z:,M' 



2n\ 



is a surjective Fredholm operator whose kernel is of real dimension 2n. (The 
kernel consists of the constant functions.) For every m > there exists a 
constant Cm > independent of a, such that 



yr-h- Ma||;;+3,_5„, < Idoiu - Ma)||:;+2,-5„ 



< c„-||m -[«]„! 



m+3,— (5„ 



(22) 



for all U e i/3+m,-5„(^^* 



h2n\ 



A proof is presented in Appendix 15.81 

4.4 Regularization, Sc-Smoothness of 5j, Proof of Propo- 
sition 14.71 

We start with the regularity for the Cauchy-Riemann section dj. In view of 
the polyfold constructions, it suffices to prove the following theorem. 
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Theorem 4.17. The section dj : Z ^ W has the following regularity prop- 
erty. If z = [{S,j,M,D,u)] e Zm satisfies dj{z) e Wm,m+i, then z e Zm+i- 

Proof. We choose the representative {S,j,M,D,u) of the equivalence class 

z=[{S,j,M,D,u)]eZ^. 

By assumption, the map u : S -^ Q has regularity (m + 3, 5m)- By definition 
of 9j, 

dj[{S,j,M,D,u)] = [(5,j, M,Z},n,9j,,(n))] G Wm,m+i. 

Hence djj{u) has fiber-regularity (m + 3,5m+i)- The standard elliptic reg- 
ularity theory implies that u is of Sobolev class Hl^^^ away from the nodal 
points. In order to analyze the map u near the nodes we choose a nodal point 
X & S and take holomorphic polar coordinates a : [0, oo) x S^ ^ S \ {x} 
satisfying a"(s,t) — ?■ x as s — !■ oo. Moreover, we choose on the manifold Q a 
smooth chart ip : U{u{x)) — )■ M^" mapping u{x) G Q to G M^", and obtain 
for the map u in local coordinates the map v : [0, oo) x S*^ — ?■ M?^ defined by 

v{s,t) = ip QUO a{s,t). 

Then v{s,t) -)- as s -^ oo and t^ G iJ'»+3'5™(M+ x 5'\M2n)^ j^^ ^^^^^ ^^ 
show that V solves an elliptic equation we insert z = a{s, t) into the equation, 
which in local coordinates becomes 

-T'4){u{a)) [ruoa + j{u o a) o Tu{a) o j{a)] ■ Ta 
= Tij{u{a)) ■ e(a) . Ta =: f. 

Using Tip{u{a)) o Tu{a) o Ta = Tv and j{v) o Ta = Ta o z, equation (l23l) 
becomes 

^[Tt; + J(t;)ort;oz] = f , (24) 

where J is the smooth almost complex structure on R^" defined by J{y) = 
Tip{ip-\y))oJ{'^-\y))oTip{i)~\y)y^ at y E M^" andf = Tip{u{a))o^{a)o 
Ta. Clearly, ^oi = —J{v) o^. Applying the complex anti-linear maps to the 
vector ^, we obtain the following equation for the map v : [0, oo) xS^ —^ M^"", 



ds 

1 



2 [vs + J{v)vt\ = g 
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where g{s,t) = ^(s,t)^. By assumption, v e H'^+^'^"'(R+ x S'\M2n^ ^^^^ 
g G if^+s.^m+i ^]^+ y. 5'i^]R2n'j g^j^^ ^g j^g^yg ^Q prove that f belongs to the 
space if™+4'''"'+i (M+ x 5^,1^^"). This follows immediately from the following 
proposition which then proves Theorem 14.171 

Proposition 4.18. Assume that v belongs to if ™+3.'5™ (]R+ x S^M^") and 
g belongs to if^+s.^m+i (•]^+ ^ 5*-^,]^^"). Let J be a smooth almost complex 
structure on M^". If v is a solution of the equation 

Vs + J{v)vt = g 

on M~^ X S^, then v belongs for every e > to the space iJ™+^'^™+^((£:, oo) x 

Proof. The standard elliptic regularity theory and the fact that g G H^^^ 
around points in (0, oo) x S^ imply that v is of class H^^^"^ around such points 
as well. The main task is to verify the asymptotic properties oi v as s ^ oo. 
We choose a smooth cut off function 7 : M — )■ [0, 1] satisfying 7(5) = for 
■5 < 1, 7(s) = 1 for s > 2, and 7' > 0, and introduce the shifted functions 
7ij : M — )■ [0, 1] defined by 7r(s) := 7(5 — R) for _R > 0. The operator 

h^^R- {J{v) - J{0))ht, 

induces two -R-dependent linear operators between the following spaces 

and 

where the functions in ff^+^-iSm+i j^ave antipodal asymptotic limits as s — )■ 
±00. We estimate these operators as -R —t- 00 as follows. 

Lemma 4.19. If e > 0, there exists Re > such that for all R> Re and for 

2 = 0, 1 the estimate 

holds for all h G fi^"^+3+*An+. ^^ ^ S\R?''). 
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The proof is elementary, but somewhat lengthy, and is given in the Ap- 
pendix 15.91 

In view of Lemma 14.191 and Proposition I4.15[ the linear operators 

h^hs + J{0)ht + 7K ■ {J{v) - J{0))ht 

are topological linear isomorphisms for ^ = and for ^ = 1 if i? is sufficiently 
large. 

From g G H"'+3,5^+i (]^+ x ^i,M2") and 7_r+i = for s < i? + 1, we 
conclude that '^r+iQ ^ if^+s.-^m+i (^]g ^ S'^M^"). Hence there exists a unique 
solution w E H^+^'^n.+i^-i^ ^ S'\]R2") of the equation 

Ws + JiO)wt + 7/? ■ (Jiv) - JiO))wt = iR+ig. (25) 

Because 5m < <^m+i, the maps ■jR+ig and w belong to the spaces if ™'+2''^'" (M x 
S'\R^") and _ff ™+3,'5m j^j^ ^ S'^M^"), respectively. Consequently, the map w 
is also the unique solution of ([25]) belonging to H^'^^'^'''(R x S^M^"). 
We multiply the equation 

Vs + J{v)vt = g 

by 7/j+i and obtain for the product 'Jr+iV the equation 

i-fR+iv)s + J(0)(7R+it;)i + 7ij ■ {J{v) - J{0)){-fR+iv)t 



i'r+iV + 7if^+ifi'- 



(26) 



In view of (!25l) ) and (l26l) . the map u := w — 7_R+it', solves the equation 

M, + J(0)Mt + 7^ ■ {J{y) - J{Q))ut = -i'r+iV. (27) 

By the assumption of Proposition |4181 v e i7"i+3.'5™ (]R+ x S'\]R^"). Since 
7ij+i(s) = for large s, the right-hand side of the equation (ITTI) belongs 
therefore to ff™+3,'5m+i^ Moreover, the map m belongs, by construction, to 
the space if™+3.<5m_ Consequently, in view of Proposition 4.9, there exists a 
unique map u e if ^+4,-5™+! j]^+ x S'\M2") solving ([27]). The difference u-u 
is an element of the space ff^+^'^^n ^■^+ x 5*^, M^") and belongs to the kernel 
of our linear isomorphism if™+3.<5m _^ ^m+2,5™. Consequently, 

= u — u=(w — 7/?+!^') — u 
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from which we conclude that 
'jR+lV = w - 



U e i7™+4-'5m+im+ X 5\M2") 



In view of definition of the function 7^ and the fact that v is in H^^^ , we 
conclude that v G i/™+4.'5m+i (k+ x ^1, R^^). The proof of Proposition OH] is 
complete. ■ 

With Proposition 14.181 the proof of Theorem 14.171 is complete. ■ 

Next we shall prove the sc-smoothness of the Cauchy-Riemann section 
f = dj oi the strong polyfold bundle p : Z ^ W. For this purpose we have 
to analyze the section in the local coordinates of the model P : E ^ X which 
is a strong bundle over the ep-groupoid X. We have constructed the object 
set X as the disjoint union of graphs J-" of good uniformizing families 

(a,w,?7) -^ a(^a,v,r^) = {Sa,j{a,v),Ma,Da,®a{exPuiv)) 

where (a, v,ri) E O defines the sc-structure on J-". The bundle E over the 
M-polyfold J-" is the associated graph J-" of the family 

(a,w,'7,0 -^ ^{a,v,v,o = iSa,j{a,v),Ma,Da,®aiexp^{7])),E{a,v,ri,^)). 

The section F over the bundle J-" — ?> J-" is defined by 

F{{a,v,r]),a(^a,v,r,)) = {{a,v,r],^),a(^a,v,n,o)- 
where ^ is the unique solution of the equations 

S(a, V, 7], = djj(^a,v) (©a(exp„(?7))) 

ea(0 = 

so that {a,v,rj,^) e K^. In view of its functoriality properties, the section 
F represents the Cauchy-Riemann section dj of the strong polyfold bundle 
p. In view of the sc-smooth structures on J-" and J-", we have to establish the 
the sc-smoothness of the map 

In the following we may assume that the gluing parameter a is sufficiently 
small. Since our constructions are local in the sense that the values of ^ near 

135 



a point Zq ^ S only depend on the other data evaluated near zq we can take 
a smooth partition of unity on S and split the sc-smoothness into an analysis 
of ^ in the nodal area and the analysis of ^ in the core area. 

Fixing at first a point zq E S which is not a nodal point, then for \a\ 
small, the map ^ near zo depends only on the properties of t] near zq. In this 
case the map (a, w, 77) — )■ .^ near zq is level wise a smooth map in the classical 
sense. This implies that away from the nodal points, ^ depends sc-smoothly 
on {a,v,r}). 

If we next analyze ^ near the nodal pair {x, y} G D, then again the data 
depends on (a, v) and the properties of rj along the map u : S ^ Q near the 
nodal pair. We choose the holomorphic polar coordinates a^ : M^ x S*^ — )> D^ 
and cr" : M~ x S*^ — )■ Dy, such that a~^{s,t) — !■ x as s — > 00 and a~{s',t') -^ y 
as s' — )■ — cxo. Moreover, we take the smooth chart tp : U G Q ^ M^" around 
the point u{x) = u{y) E Q satisfying ip{u{x)) = ip{u{y)) = 0. Then the 
map u : S ^ Q near the nodal pair {a:, y} is represented by the two smooth 
maps v'^{s,t) = ip o u o a^{s,t) : M."^ x S^ ^ M^" and the vector field r) 
along u is represented by the pair (/i+, h~) of vector fields along v"^ defined 
by /i^(s,t) = Tipiu o cr^(s,t)) o ry o cr^(s,t). The maps w^ have vanishing 
asymptotic constants as s — ?■ ±00. We shall denote by E the sc-Hilbert 
space of pairs 

having matching asymptotic constants. We also let in the following F be the 
sc-Hilbert space 

F = H^'^'>(R+ X S\R'^"') © H^'^^R" x ^\M2"). 

By assumption, the map m : S* — )■ Q is a smooth map, so that (u"*", u~) G -Eoo- 
We shall abbreviate the glued curves by 

Va = ®a{v^,v~) and ha = ®a{h'^,h~). 

Using that the complex structure j on D^ U Dy, by construction, does not 
depend on the parameter w, and using that Ta^ oi = j o Ta"^, we obtain for 
the map (a, v,ri) \-^ C, the following local coordinate representation ^ E F, 

r(Va + ha, Va) O ©^(0 = ^ [dsiVa + ha) + JiVa + ha)dt{Va + ha)] 



QaiO = 0. 
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2n X ^2n 



-)■ 



Here J is a smooth almost complex structure on M and T : 

£(R^",R^") is a smooth map. We have used that the exponential map with 

respect to the Euclidean metric in M?"- is given by ©aexp„(/z) = exp^,^{ha) = 

Va + ha. 

We introduce the smooth maps A, 5 : M^n ^2™ ^ £(^2™^ ^2n) ^^ 

1 1 

^(P, q) = 2^{P, lY^ and B{p, q) = -T{p, qY^J{p). 

Then applying the inverse of the map F to both sides of the first equation in 
(!28|) . we obtain 

©a(0 = ^(^a + /ia, ^a) O (9^(Wa + /la) + B{Va + /^a, Wa)'9t(Wa + ha 
Qa{0 = 0. 



Abbreviating 

A{p, q) 



'A{p,q) 0' 
id 



and B{p,q) 



B{p,q) 0' 
id 



the above equation for ^ can be written in matrix form as 



□a^ = A{Va + ha,Va) 



ds{Va + ha) 





B{Va + ha,Va) 



dtiVa + ha) 





A(^;a + ha, Va) O Ha O Z}«(t; + h)+ B{Va + /la, t^a) O □« O A"(^ + ^) 



where the maps -D" and i5" are the maps introduced in Section 14.31 . Conse- 
quently, the map Bi Q) E -^ F, (a, h) \-^ C, where ^ = (^^,^~) G F is given 
by 

e = B^^oA{Va + ha,Va)oBaOD''^{v + h) + Ei~^oB{Va + ha,Va)oEiaOD^{v + h). 

Proposition 4.20. The map Bi (B E \-^ F, (a, h) -^ C,, introduced above is 
sc-smooth. 

Proof. The translation map E-^E,h\-^v + h is sc-smooth. Hence, by 
Proposition 14.111 and the chain rule, the maps Bi (B E ^ F, defined by 

{a,h)^ D^^iv + h) and {a,h) -^ D^{v + h), 
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are sc-smooth. In view of the chain rule, it suffices to show that the maps 
Bi®E®F^F, defined by 

{a,h,g)^B^ o A{va + ha,Va) oBaig) 

and 

{a,h,g)h^B^ o B{va + ha,Va) oBa{g), 

are sc-smooth. We only consider the first map and derive the formula for 
k = B^ o A{va + ha,Va) o Ba{g). lu vicw of the definition of the total 
hat-gluing □„ and of the matrix A{va + ha,Va), 

(Baik) = A{Va + ha)®a{g) 
®aik) = Qaig) 

if a 7^ 0. If a = 0, then 

k = {k+, k-) = {A{v+ + h+, v+)g+, A{v^ + h^,v~)g~). 
Solving the above equations for k = {k~^, k~) G -F we obtain 

k+[s, t) = ^- A{Va + K) ■ ®a{9) + ^^^^ ■ Qa{9) 
la Ta 

for s > and 

k-[s -R,t-^) = ^—^ ■ A{v, + K) ■ ®M + - ■ Qaig). 

la la 

for s < R. In view of the first statement in Proposition 14.12^ the map 

5i©E©F^i72A(K+x5i,M2n),definedby(a,/i,^) ^ l^^-A{va+ha)-®a{g), 
is sc-smooth. The map Bi®F-^ H^'^''iR+ x S'\M2"), defined by 



la la la 

is sc-smooth in view of Lemma 2.11 in p6]. The same arguments show that 
also the map (a, h, g) — )• k^ is sc-smooth. Consequently, the map Bi ® E ® 

F ^ F, (a, h,g) H- H^ o A{va + ha,Va) o Ba{g) is sc-smooth. This finishes 
the proof of Proposition 14.201 ■ 

Summing up, we have verified that the map (a, f , r/) i— )■ ^ is sc-smooth. 
This finishes the proof of the sc-smoothness and the regularization property 
of the Cauchy-Riemann section section dj of the strong polyfold bundle p : 
W ^ Z. The proof of Proposition 14. 71 is complete. ■ 
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4.5 The Filled Section, Proof of Proposition 14.81 



Using the arguments of Section 14.41 we first verify tliat (locally) the filled 
version f : O — )■ J-", {a, v , r]) \-^ C, = f (a, v, r]) is sc-smooth. We recall that ^ is 
defined as the solution of 

Proposition 4.21. The map f : O — !■ J-", (a, w, 77) i— ;■ ^ = f(a, f,//), defined 
by f l29p . is sc-smooth. 



Proof. Away from the nodal points the proof of the sc-smoothness is identical 
with the proof of the sc-smoothness above in Proposition 14. 71 Near the nodes 
we argue as above and using the same notation we arrive at the following 
local representation of C,, 

r{Va + ha, Va)®a{0 = ^ [ds{Va + K) + J{Va + ha)dt{Va + ha)] 

ea{0 = Mea{h)). 

Using the decomposition F = (ker ©„) © (ker Gq), we split ^ = ^1 + .^2 into 
^1 e ker0a and ^2 ^ ker©a). Then ^1 solves the equations 

^{Va + ha, Va)®ai^l) = " [dsiVa + ha) + JiVa + ha)dt{Va + ha)] 
Qai^l) = 0. 

These are the same equations as studied before, hence the map Bi ©£"—)■ F, 
defined by (a, h) 1— ;■ ^1 is sc-smooth in view of Proposition 14.201 The map ^2 
solves the following equations 

!"«'' = ° (32) 

e.(6) = a„(e.(A))- 

Solving for ^2 = {^~^, C~) and using the sc-smooth maps Cf and Cf introduced 
in Section 1131 we obtain 

e = ^^^^Mha) = ^^^^ [c:{h) + zcf (/!)] 

la la 
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and 

r{s-R,t-^) = ^Mha) = - [c:{h) + ictm 

la la 

where we have abbreviated ha = Qa{h)- Now the sc-smoothness of the map 
(a, h) — )■ ,^2 follows from Proposition 14.111 and Lemma 2.11 in [2B], using the 
chain rule of sc-smoothness. The proof of Proposition 14.211 is complete. ■ 

Proposition 4.22. The map f : O — t- J-" defined by (!29|) is a filled version 
of the Cauchy-Riemann section F = dj in the ep-groupoid representation. 

Proof. We already know that f is sc-smooth and it remains to verify the 
three properties of filling in Definition 12.331 If {a,v,T]) G O, then Qa{v) = 
and hence 0a(O = so that f{a,v,ri) = F{a,v,r]). In order to verify the 
second property of filler we assume that 0a (0 — 0- ^^ follows from f l29|) that 
do{Qa{v)) = ^iid hence Qa{v) = in view of Proposition I4.14[ so that 
indeed (a, v, rf) G O. 

In order to verify the third property of a filler we abbreviate the points 
in O by 1/ = {a,v,r]) and let yo = (0,0,0). At the point yo, the derivative 
of the retraction r is the identity map and consequently kerDr(|/o) = {0}. 
Since p{yo) = ttq = id, we have kerp(?/o) = {0}. Therefore, the linearization 
of the map y t-^ [id— p(r(y))]f(y) at the point yo, restricted to ker Dr{yo), 
defines trivially an isomorphims {0} = kerDr(yo) -^ ker p{yo) = {0}. The 
proof of Proposition 14.221 is complete. ■ 

In order to complete the proof of Proposition HSl we define the sc"'"-section 
s by its principal part s(a, v, rj) = f (0, 0, 0) so that the section h = f — s sat- 
isfies h(0, 0, 0) = 0. We shall now construct a strong bundle isomorphism $ 
having the property that the push- forward section $*(h) is an sc^'-contraction 
germ. The difficulty encountered comes from the fact that although the 
map {a,v,r]) H- f{a,v,ri) is sc-smooth and its linearizations Df{a,v,rj) are 
bounded linear maps, the dependence of these linear operators on the ar- 
guments (a, V, Tj) is not continuous in the operator norm. The following 
proposition will be very helpful. 

Proposition 4.23. The filled version O ^ T , {a,v,ri) i— )■ f{a,v,T]) has the 
following properties. 

• At every smooth point [a^v^rj) close to (0,0,0) the linearization 
Di{a,v,r]) eC{iN®E®S),T) 
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is an sc-Fredholm operator. Their Fredholm indices are all the same, 
say equal to d. 

• For every level m and fixed and small (a, v), the map 

r]^f{a,v,r]), Em^Tm 
is of class C^ in the Frechet sense. 

• If K is a finite- dimensional sc- complemented linear suhspace of £, the 
following holds true. We consider a sequence {aj,Vj,kj) E O in which 
kj G K converges in Sm to some point (ao, Vq, /cq) G O. // the sequence 
(hj) C Sm is bounded on level m and satisfies 

D3f{aj,Vj,kj)-hj = yj + Zj 

where yj G J^m satisfies yj — > m J-^ and where (zj) C J^m+i is a 
bounded sequence in J^m+i, then the sequence {hj) has a subsequence 
which converges in Sm- 

We should note that the points in the finite dimensional sc-complemented 
subspace K above, are all smooth. We postpone the proof of Proposition 14.231 
to the next section and use it next in the proof of Proposition 14.81 

We denote hj K G S the kernel of the sc-Fredholm operator 

Dgf (0,0,0) -E ^T 

and choose an sc-complement X so that E = K ® X . By Y = Dsf (0, 0, 0)X 
we denote the range of the operator and choose an sc-complement C so that 
J-" = y © C. The projection P : J-" — )■ J-" onto Y along C is an sc-Fredholm 
operator whose index is equal to — dimC. We now consider the family 

(a, v,k) \-^ P o D^fi^a, v, k) \X 

of sc-Fredholm operators from X into Y , where k E K. We emphasize that 
these linear bounded operators do not depend as operators continuously on 
finite dimensional parameter (a, v, k), which we abbreviate by 

b = {a,v,k) e N®E®K. 

However, in view of Proposition I4.22[ the map 

{On{N®E®K))(BS^J^, 
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defined by 

(6, h) ^ D^iib) ■ h, (33) 

is sc-smooth and raising the regularity index by 1, the map (133 p induces the 
sc-smooth map 

[iOn{N®E® K)) ®£]^ ^ F\ 

Since K is finite dimensional, the left-hand side is equal to 

{On{N®E®K)Y®£^={On{N®E® K)) ® S^ 
and we conclude that the two maps 

{On{N®E®K))®£'-^ r 

defined by fl33|) are sc-smooth for z = and i = 1. 

We next claim that the operator P o D^f{b)\XQ : Xq — )■ Yq has a trivial 
kernel if b is close to 0. Indeed, otherwise there exist sequences bj — )■ and 
(hj) C Xq C So satisfying \hj\sQ = 1 and P o D2,i{bj)hj = 0. In particular, 
D^i{bj)hj = Zj is a bounded sequence of every level and we find by Propo- 
sition 14.231 a converging subsequence hj — >■ h in So- Passing to the limit, h 
satisfies P o D3f{0)h = 0. Consequently, h = in contradiction to \h\sQ = 1 
and hence proving the claim. 

We have found an open neighborhood OoiO&N®E®K having the 
property that for b E O the sc-Fredholm operator P o D-ii{b)\X : X — )■ F is 
injective. It is, in addition, an sc-Fredholm operator of index 0. To see this, 
we observe that Di{b)\X : X — )■ J-'is the composition of the sc-injection X — ^ 
X®K whose Fredholm index is equal to — dim K and Df{b) : E ^ T having, 
in view of Proposition 14.23^ index d. Therefore, the index of the composition 
is equal to — dim J'i' + ii. Using Proposition 14. 231 once more, we obtain for the 
composition PoDj,'i.{\))\X : X ^Y the index dimC — dim/C-l-d = —d^d = 
as claimed. We conclude that the Fredholm operators 

PoD^UbMX -.X ^Y 



are all sc-isomorphisms if b is close to 0. Moreover, perhaps replacing O by a 
smaller open neighborhood of 0, there exists for every level m > a constant 
Cm > such that 

\P o D,mh\T^ > Cm ■ \h\e^ (34) 

for all h G X^ and for all 6 G O. 
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In order to prove the estimate fl34p . we take an open neighborhood O* 
of 6 = having a compact closure in O. Arguing indirectly, we find a 
level m and sequences {hj) C X and {hj) C O* satisfying \hj\s^ = 1 and 
\P o D3f{bj)hj\jr^ — )■ 0. We may assume, going over to a subsequence that 
bj -^ h^ E O* . We conclude from Proposition 14.231 the convergence hj — >■ h^ 
in £jn of a subsequence, so that P o D3f{b)ho = 0. In view of the injectivity, 
/lo = 0, in contradiction to l/iok™ = 1 and hence proving the estimates (l3l|) . 

In view of our discussion so far, we can now apply the following result 
from [SB], Proposition 4.8. 



Proposition 4.24. Assume that V is an open subset of a finite- dimensional 
vector space H , and E and F are sc-Banach spaces and consider a family 
V I—)- L{v) of linear operators parametrized by v E V such that L{v) : E ^ F 
are sc-isomorphisms having the following properties. 

(1) The map L : V (B E ^ F, defined by 

L{v, h) := L{v)h, 
is sc-smooth. 

(2) There exists for every m a constant Cm such that 

\L{v)h\m > Cm ■ \h\m 

for all V E V and all h G Em ■ 

Let us note that L{v) is not assumed to be continuously depending on v as an 
operator. Since the map L{y) : E ^ F is an sc-isomorphism, the equation 

L{v)h = k 

has for every pair {v,k) E V (B F a unique solution h denoted by 

h = L{v)-'k=:f{v,k), 

so that L{v, f{v,k)) = k. Then the map f : V ® F ^ E defined above is 
sc-smooth. 
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From Proposition 14.241 we deduce that the solution operator 

{N®E®K)®Y -^ X, {a,v,k,y)^x 

defined by x = [Po Dgf (a, v, k)'j ■ y is an sc-smooth map. We shall use this 
fact in order to define a local strong bundle isomorphism which transforms 
our section f — s = h satisfying s(a, v, k) = f (0, 0, 0) into an sc°-contraction 
form. We first note that B = N(BE(BKisa. finite-dimensional sc-subspace 
and so isomorphic to M" for a suitable n and we may assume that B = M"' 
so that our sc-space becomes 

N®E®S = {N(BE®K)(BX = B®X = W®X. 

Similarly, T = C (B Y with Y = PT where C is a finite dimensional sc- 
complement and we may assume C = M^, so that 

T = R^ ®Y. 

We now choose an open neighborhood O of the origin (0, 0) G M" ©X having 
the property that {b, x) E O implies b E O*, and define the bundle map 

$ : O < (M^ © F) ^ O < (M^ © X) 

mb,x),{c,y)) = {ib,x){c,[P o D.mVy))- 

It is a strong bundle isomorphism in view of Proposition l4.24l and the previous 
discussions. The principal part of the push-forward section k = $*h is given 
by the following formula, noting the relationship between f and h 

k(6, x) = ((id -P)h{b, x),[Po D2h{b, 0)] ~ Vh(6, x)) . (35) 

The map ([35]) is a germ of a map (near (0, 0)) 

M" © X ^ M^ © X. 

If Q : M^ © X — )■ X is the sc-projection onto X, we consider the map 

gk : M" © X ^ X, defined by 

Qk{b,x) = [P o D2h{b,0)]~^Ph{b,x), 
and introduce the germ of a map H : M" © X — )■ X as 

H{b,x) ■.= x-Qk{b,x). 
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Then H{0, 0) = and we have to prove the following estimate. Given a level 
m in X and e > 0, then 

\H{b,x)-H{b,x')\x^<e-\x-x'\x^ (36) 

for all \b\, \x\x,ri ^^'^ W\xm small enough. In order to prove this crucial 
estimate, we make use of the following result, which will be verified in the 
next section. 

Proposition 4.25. For the filled version f : O ^ J-" defined on the open 
neighborhood O o/ (0, 0, 0) E N (B E (B S the following estimate holds. If the 
level m > and a > are given, then 

I [Dsf (a, V, 0) - D,f{a, v, r])] h\^^ < a ■ \h\e^ 

for all h G Sm and for (a, v,7]) & O small enough on level m. 

Abbreviating b = (a, v, k) we deduce from Proposition 14.251 for x G X 
small on level m and for b small and for all h G Xm the estimate 

I [Dsf (&, x) - D2iib, 0)] h\^^ = iZ^sf (a, V, r])h - Dgf (a, v, k)h\^^ 
< \D,f{a, V, rj)h - Dgf («, V, 0)/i|^,„ + l^gf («, v, 0)h - Dgf («, V, k)h\^^ 
<2-a-\h\x^. 

Since s is constant, the same estimate holds for the section h. Having this 
estimate we compute, assuming that all data are small enough, 

\Hib,x)-Hib,x')\x^ 

= \x-x' + Qk{b, x') - Qk{b, x) |x,„ 

= \[PDMb,0)r'{PD2h{b,0){x - x') - [Phib,x) - Ph{b,x')]}\x^ 

< c„i ■ \PD2hib, 0)(x - x') - [Ph{b, x) - Phib, x')] |^,„ 

= c"^ ■ I / [PD2h{b, 0) - PD2h{b, tx + {1 - t)x')] {x - x') dtl 
Jo 

,'-d^- [ \ [D2h{b, 0) - D2h{b, tx + il- t)x')] {x - x') 
Jo 



\T„ 



< c:: -d^,- I I [D2h{b, 0) - D2h{b, tx + {l- t)x')\ (x - x')b,„ dt 

Cm -dm- / 2cr|x - X'\x^ dt 

Jo 

^m ' rn ' (^ ' \X X \Xm' 
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We have verified the desired estimate (1361) and so have confirmed the sc*^- 
contraction germ property of the filled section f . 

To sum up, we have studied the Cauchy-Riemann section dj in local 
coordinates near a smooth point and have constructed a filled version f 
and an sc"'"-section s satisfying f(0) = s(0), and have found a strong bundle 
isomorphism $ such that the push-forward $^,(f — s) is a germ belonging to 
the distinguished germs ^basic- This proves that dj is a Fredholm germ at 
the point 0. 

Apart from the proof of Proposition 14.231 and Proposition 14. 25[ which will 
be carried out in the next section, the proof of Proposition 14.81 is complete. 

■ 

We would like to summarize the previous discussion for further references 
in the following proposition. 

Proposition 4.26. Let U G E be an open neighborhood of in the sc- 
Banach space E and let f : U ^ F be an sc-smooth map into the sc-Banach 
space F, which satisfies the following three conditions. 

(1) At every smooth point x E U , the linearisation Df{x) : E ^ F is an 
sc-Fredholm operator. Its Fredholm index does not depend on x. 

(2) There is an sc-splitting E = B (B X in which B is a finite- dimensional 
subspace of E containing the kernel of Dt{0), for which the following 
holds for h E B small enough. If (bj) d B is a sequence converging to 
b E B and if {rjj) (Z X a sequence bounded on level m and satisfying 

Di{bj) ■ rij = yj + z^ 

where y^ — )■ m F^ and where the sequence {zj) is bounded in F^+i, 
then the sequence of {rjj) possesses a convergent subsequence in X^. 

(3) If m > and e > 0, then 

\[D,f{b,0) - D,f{b,x)]h\F^ < 6 ■ \\h\\E^ 
for all \b\ and x small enough on level m. 

Under the conditions (l)-(3), the map h = f — s, where s(6, x) — f(0,0) is 
conjugated near to an s(P -contraction germ. 
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The proof follows along the same lines as above. The properties (1) and 
(2) can be used to define the coordinate change $. The property (3) then 
allows to carry out the desired estimate. Let us remark that the conclusion 
is in fact true for every s which satisfies s(0,0) = f(0,0). This follows from 
one of the results in [22] which is concerned with the perturbation theory. 
Remark 4.27. We would like to mention that there is a variation of the whole 
scheme which will be important for compactness questions in the context of 
operations in the SFT. Namely rather than assuming that Uq is on the infinity 
level we just assume that it is on the level zero. In that case we can still 
define a map f 

f : O ^ J", 

on an open neighborhood O of (0, 0,0) in N Q) E (B £■ But in this case S 
is simply a Banach space. However it still makes sense to distinguish two 
levels on J-", namely the 0— and the 1-level. The map f is continuous and 
for fixed {a,v) the map r] — )■ f{a,v,r]) is C^ (even C°°). We can consider 
a bundle 0< J-" — )■ O, where the base always has level 0, but the fiber has 
two levels. So the bi-levels (0,0) and (0,1) are well-defined. Note that 
it makes sense to define continuous sc+-sections, namely those which map 
points in O continuously to J-"^. We can consider bundle maps quite similarly 
to the strong bundle maps, but where we only require them to be continuous 
preserving this simple bi-level structure. If we start with an arbitrary strong 
local bundle we have an underlying structure with only allowing the two bi- 
levels (0, 0) and (0, 1). Then it makes sense to look for such a weak continuous 
bundle isomorphism which conjugates f — s, where s is such a continuous sc+- 
section satisfying f (0,0,0) = s(0,0,0), to a map which has the contraction 
germ property (but only on level 0, which is the only level which makes sense). 
This can be used to study compactness questions near elements which are 
not on the infinity- level, because the particular contraction type form allows 
to control the compactness nearby. 

4.6 Proofs of Proposition 14.231 and Proposition 14.251 

This section is devoted to the proofs of Proposition 14.231 and Proposition 14.251 
concerning the filled version 

f : O — )■ -F, (a, V, 7]) h-> f (a, v, 7]), 

where (a, v,r]) E O and O is an open neighborhood of (0, 0, 0) in N Q) E (BS. 
The spaces S and J-" are introduced in Section 14.21 From the formula for 
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the derivative Daf (a, u, 77) below in f l40p . it is evident that the proofs can 
be locahzed and we shall prove the local versions of the propositions and 
distinguish between the "classical case" and the "nodal case" . The classical 
case deals with maps defined on parts of S away from the nodal pairs, while 
the nodal case deals with maps near the nodal points. Then the propositions 
follow from the local versions by means of a finite partition of unity argument. 

We should recall that, in general, the Fredholm section f is merely sc- 
smooth and not smooth in the classical sense. This is due to the occurrence 
of a finite dimensional space of "bad" coordinates, which in our case are the 
coordinates (a, w). If one keeps {a,v) fixed, the map r] 1— >■ f{a,v,rj) is classi- 
cally smooth on every level. But in general, the linear operator Daf (a, v, 77) 
does not even depend continuously on (a, v) in the operator norm, and the 
polyfold Fredholm property is a consequence of a certain uniformity in the 
parameters (a, v). 

We recall that the filled section map (a, v, 77) 1— )■ f (a, v,r]) = ^ is defined 
as the unique solution of the equations 

r(exp„^(©a(77)),nj o ©„({) o a{a,v) = djj^a,v){exp^^{®a{v))) ,^^. 

ea{0 = do{ea{r])). 

Abbreviating Q{q,p) := T~^{p,q) and T{a,v) := cr(a,f)~^, the equations ( 137|) 
take the form 

©a(C) = 0(^a,exp„^(©a(r/))) o (9jj(a,„)(exp„^(©a(r/))) o T{a,v) 

ea{0=do{Qa{r])). 

In order to deal first with the classical case we consider only variations of 
?7 belonging to the space f * consisting of all vector fields r] along u satisfying 
77(2;) =0 for all z contained in the union 

D(-l) = U D^{-1) 
xe\D\ 

of the concentric subdisks of the small disk structure as introduced in Section 
13.11 The restriction of f to the complement S \ D(— 1) does not depend on 
the gluing parameter a. Therefore, the filled section f satisfies for rj G £^* 
the identity 

f{a,v,ri) = e(n,exp„(r/)) o 9jj(„)(exp„(r/)) o t{v). (39) 
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Denoting by £^** the space of vector fields t] ^ £ satisfying 77(2) = for all 
z G \Jx£\D\^x{—\)^ we deduce the following result by means of the mean 
value theorem. 

Proposition 14.251 (Classical Case). We fix a level m > and a real 
number a > 0. Then 

\D3i{a,v,ri)h- D3i{a,v,0)h\jr^ < a- \h\£^. 

for all h G £^** and for (a, v, rj) G Om sufficiently close to (0, 0, 0) and 

In order to deal with the classical case of Proposition 14.231 we again con- 
sider the section f on the complement S* \ D(— 1) where it is defined by the 
formula fl5^ . We fix a Hermitian connection V for TQ — )■ Q, where the 
fibers are equipped with the complex multiplication J, see Appendix 15.31 for 
more details. Viewing f as a section of the trivial bundle O < J-" — ;■ O we 
fix a trivial connection for the latter so that V(o,o,/i)f (o, v, rj) = D^f^a, v, ri)h. 
Having fixed these connections we obtain various other connections in stan- 
dard ways, f.e. for the function spaces of sections associated to TQ — >■ Q 
and certain Hom-bundles, see [5]. We compute the covariant derivative with 
respect to the third variable at the section 77 in the direction of the section h 
of the bundle u*TQ — ?■ S and obtain from fj39|) the formula 

D3f{a,v,ri)h= {V^Tc^p^{r,)h,o)Q)[eWuiv),u]odjj^^)exp^{r]))oT{v) 
+ 0(exp„(r/), m) o (Vft9jj(„))(exp„(r/)) o r(f ) 
= (V(Tcxpjr,)M)0)[exp„(r/),H °r(exp„(r/),u) of(a,t;,r/) 
+ 0(exp„(r/),M) o (Vh9jj(„))(exp„(r/)) o t{v). 

We now assume that the sequence {aj,Vj,rij) C O converges to {ao,vo,rio) G 
O, where r]j and tjq belong to the finite-dimensional sc-complemented sub- 
space /C of £ so that rjj — )• 770 in S^ for every level k > 0. In addition, we 
assume that the sequence (hj) C Sm is bounded and has the form 

Dgf (aj, Vj, T]j)hj = yj + Zj, (41) 

where yj G J-'m satisfies yj — ;■ in J^m and where the sequence (zj) G J-m+i is 
bounded in J^m+i- In view of the formula ( l40l) for the derivative -Dsf (a, v, ri)h, 

D3f{aj,Vj,r]j)hj 

= (V(Tcxpj;,,)h„o)0)[exp„(r/j), u] o r(exp„(r/j), u) o f (a^, Vj,r]j) (42) 



+ Q(exp„(r/j), u) o (Vfe^.9jj(^^.))(exp„(r/j)) o r( 



V 



3, 
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Since {aj,Vj) — > (ao,fo) and rjj — )• 779 on every level of £ and since the 
map f{a,v,ri) is sc-continuous, we conclude that f{aj,Vj,rij) -^ f{aQ,vo,rjo) 
on every level of J-". We recall that the space £^* is a closed subspace of 
S consisting of all rj vanishing on D(— 1). Similarly, we define the space 
J-"* consisting of all elements h E J^ which vanish on the set D(— 1). The 
sequence of linear operators 

defined by 

h ^ (V(Tcxp„(,,,)h,«)0)[exp„(r/j),M] o r(exp„(r/j),M) o f(aj, Wj,r/j), 

consists of sc'''-operators. The sequence converges on every level, as operators 
from E* to (^*) , to the sc"'"-operator 

h ^ (V(Tcxp„(%)h,o)0)[exp„(?7o),M] or(exp„(?7o),M) o f(ao, Wo,?7o). 

The boundedness of the sequence (hj) in Sm implies that the sequence {Lj(hj)) 
is bounded on the level m + 1 in J-"*. Hence, introducing z* = Zj — Lj{hj) 
and using (14T!) and (142|) . we see that 

0(exp„(^i), w) ° (V/.,9jj(^^))(exp„(r/j)) o t{vj) = y^ + z* 

where Hj — )■ in H^^^ on S* \ D(— 1) and where z* is a bounded sequence in 
j^m+A Qj^ S* \ D(— 1). We write the above identity as 

(Vft,^9jj(„^))(exp„(r/j)) = T{exp^{r]j),u){yj + z*) o a{vj) (43) 

where r(exp„(?7j),M) = Q{exp^{rij),u)~^ and a{v) = t{v)~^. 

Now we focus on a neighborhood of the point zq in S* \ D(— 1). We 
fix an open disk-like neighborhood V around zq whose boundary is smooth 
and whose closure does not intersect D(— 1). We may assume that the disk 
V is so small that the images exp^{r]j)(T>) for j large are contained in the 
image of a chart ip : U{u{zo)) C Q — ;■ M^" around ^(^^o) mapping ^(2:0) to 0. 
In abuse of the notation, we denote by hj{z) the map T'il:{exp^{rij){z))hj{z). 
Similarly, by yj{z) : T^S -^ R^" and z* : T^S -)■ M^" we denote the maps T^po 
GWui.Vj)iz)T{exp^{r]j),u)yj o a{vj){z) and T^{exp^{rjj){z)T{exp^{r]j),u)z] o 
a{vj){z). Then, in view of the formula fl7T]) in the Appendix l5.3l . the equation 
can be written in our local coordinates on Q as 

Dhj{z) + J,{z) o Dh,{z) oj{vj) + A,{z){h,{z), ■) = yj + z*. (44) 
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We choose a smooth family v ^ (f^ oi biholomorphic maps </?„ : (-D,i) — >■ 
{V,j{v)) defined on the standard closed disk D and mapping to zq. The 
family ip^ is defined for v & V close to 0. Taking the composition Cj = 
hj o {fy : D ^ M^*^ and evaluating both sides of (jH]) at the vectors TLp^.^ds)-, 
we obtain the identity 

dsCj + Jj{(pvj)dtej + Aj{(p^^){ej,Tip^^{ds)) = y** + z** 

in which the sequences (yT) and (z**) have the following properties. The 
sequence {y**) converges to in H"^~^'^{D) and the sequence (z**) is bounded 
in H"^~^^{D). Abbreviating 

Jj = Jj {if^^ ) and Aj = Aj{ip^^){-, Tip^^ (9J ) , 

the above identity takes the form 

dsCj + Jj{ip^^)dtej + AjCj = y** + z* 



** 



The sequence (Jj) is a sequence of smooth maps D — )• L(]R^") associating 
to a point z ^ D the complex multiplication Jj(-2) on R^". The sequence 
converges in C°° to the smooth map z — )■ J{z) where J{z) is a complex 
multiplication on M^". The sequence (Aj) is a sequence of smooth maps 
Aj : D ^ L(M^") which converges to the map A : D —^ L(M?'^). Moreover, 
since the sequence (hj) is bounded on level m, the sequence (cj) is bounded 
in if™+^(_D,]R^"). The sequences (cj), (y**), and (2;**) meet the assumptions 
of the following lemma proved as Proposition 15.11 in the Appendix. 

Lemma 4.28. We assume that (cj) is a bounded sequence in iJ™+^(Z}, M^") 
satisfying 

dsCj + JjdtCj + AjCj = y** + z** 

where (yT) is a sequence in if™'+^(i5, M^") converging to 0, and where (z**) 
is a bounded sequence in iJ™+^(D, M^"'). Then every Cj decomposes as Cj = 
e] + e^ such that ej — )■ m H'^'^^{D) and such that the sequence (e|) is 
bounded in H^~^"^{Ds), for every 6 G (0, 1). 

Here Ds G D denotes the the subdisk Ds = {z E D\ \z\ < 1 — 6} for 
< 6 < 1. In view of the above considerations and applying a finite covering 
argument we obtain the following result. 
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Proposition 14.231 (Classical Case). Let K he a finite- dimensional sc- 
complemented linear subspace of £ and let {ao,vo,ko) G O with k^ G /C. 
We consider a sequence (aj,Vj,kj) E O in which kj G /C, converging to 
{ao,vo,ko), and a bounded sequence (kj) G Sm. satisfying 

D3f{aj,Vj,kj)hj = yj + Zj 

where (yj) C J-^ converges to and where the sequence (zj) is bounded in 

Then there exists a subsequence of (hj) having the property that the se- 
quence (/ijKS* \ D(— 1)) of restrictions converges in £„^. 

Next we shall consider the nodal part of Proposition 14.251 

Proposition 14.251 (Nodal Case). Let {x,y} E D be a nodal pair and let 
m > and s > 0. Then 

[Daf (a, V, r])h - Dsfia, v, 0)h\^^ < e ■ \h\s^ 

for all h G £m having their support in D^ U Dy and for {a,v,ri) G Om suffi- 
ciently close to (0,0,0) on the level m. 

Proof. We work in local coordinates near the nodal pair {x,y}. We start 
with the defining equation fl37j) and focus on the subset D^ U Dy of S. On 
this set the complex structure j does not depend on v. Hence 

r(exp„^(©,(r7)),Mj o ©,(0 = djjiexp,^{®aiv))) ,^^. 

Here j denotes the standard structure on Za for the various a, i.e. j = 
j{a). We are going to use the definitions of the gluing constructions and pass 
to local coordinates near the nodal pair {x,y}. We choose the holomorphic 
polar coordinates a^ : M.^ x S"^ — )■ D^ and a" : M"*" x S*^ — t- Dy satisfying 
a~^{s,t) — !■ X and cr~(s',t') — !■ y as s — )■ oo and s' — ;■ — oo. Moreover, we take 
a chart ip : U C Q ^ M^" around the image of the nodes u{x) = u{y) E Q 
satisfying ip{u{x)) = ip{u{y)) = 0. The map u : S ^ Q is represented on the 
set D^ U Dy by the pair («+, u~) of smooth maps m^(s, t) = ip ouo cr^(s, t) : 
M^ X S^ — !> M^". The vector field ?7 along the map u is represented by the 
pair h = {h~^,h~) of vector fields h'^^Syt) = Tip{u o a^{s,t)) o tj o a^{s,t) 
along the curves u^ in M^". The section 

(a,w,?7) h-^ f(a,t;,?7) 
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on D^ U Dy is represented in local coordinates by the pair of vectors 

defined by 

f+(a, V, h){s, t) = Tipiu o a+(s, t)) o f (a, v, T/)(a+(s, t)) ■ [9,ct+(s, t)] 
f-(a, V, h){s', t') = TiPiu o a~{s', t')) o f (a, v, r/)((T-(s', t')) ■ [^^^^"(s', t')] 

for (s,t) G M"*" X S*-*^ and (s',t') G M~ x 5^ Abusing the notation we shall 
write u = (n"*", u~) and we shall use the following abbreviations for the glued 
curves and the glued vector fields 

Ua = ®a{u) = ®a{u^, W) and ha = ®a{h) = ®a{h^ , h'). 

For the exponential map with respect to the Euclidean metric in M^" we 
know from Proposition 12.431 that ©aexp„(/i) = expy^(/ia) = Ua + ha- Hence 
the equation ( HSj) on D^ U Dy becomes 

r(u„ + ha, Ua) O ®a{i) = " [ds{Ua + ha) + J{Ua + ha)dt{Ua + ha)] 
ea{i)=d,{Qa{h)). 

We introduce two maps A, fi : M^" k^" -^ ^(M^"^ M2n) ^^ 

^(P, ?) = 2^(P' 9)"^ and 5(p, g) = -T{p, q)~^J{p). 
Applying the inverse of T to both sides of (146|) we obtain 

©a(0 = ^(^ia + /ia, Ua)ds{Ua + /^a) + ^(lia + /^a, Ua)dt{Ua + /la) 

e!(0 = ^oe°(/i). 



(47) 



We decompose the pair E, = {^~^,^ ) into the sum of two pairs C, = ^i + (,2 
where the pair ^1 = {^t^^i) satisfies 0a (Ci) = and the pair ^2 = (^2^5 ^2") 
satisfies ©a(6) = 0. In view of ©a(0 = ©a(6) and ©a(^i) = and (EZD, the 
pair ^1 solves the equations 

ffia(6) = A{Ua + ha, Ua)ds{Ua + ha) + B{Ua + /la, Ua)dt{Ua + ha) 

ea(6) = 0. 
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Introducing the matrices 



A{p, q) 



A{p,q) 
id 



and B{p,q) 



B{p,q) 0' 
id 



and recalling the total hat gluing map 0^ = (©q, 0^) and the maps D", D" 
from Section I4.3[ the above equations can be written as 

fia(6) = {M^a + ha, Ua)ds{Ua + ha), O) + {B{Ua + ha, Ua)dt{Ua + h^), O) 



A{Ua + ha,Ua) 



dsiUa + ha) 





dtiUa + ha) 





B{Ua + ha,Ua) 
= A{Ua + ha, Ua) ■ □« O D^^iu + h) + B{Ua + ha, Ua) ■ □« O D^{u + k). 

Abbreviating 

L(a, f, /i) := (E]a)"M(na+/ia,iia)-Ha and M(a, i;, /i) := (E]a)"^5(na+/ia)-E]a, 

the solution ^i is equal to 

6 = L{a, V, h) o Dl{u + h) + M{a, v, h) o D'i{u + h). 

We already know that for fixed (a, f ) the map 

h H^ ^i(a,f , /i) 

is of class C^ . Its derivative with respect to h in the direction k is given by 

D^ii{a, V, h)k = [{D^Lia, v, h)k) o D^^iu + h) + L{a, v, h) o D^(A;)] 

+ [{D^Mia, V, h)k) o Dliu + h) + M{a, v, h) o D^{k)] 
= I{a, V, h, k) + II{a, v, h, k). 

We claim that given e > 0, 

\Ds^i{a, V, h)k - £'3^1(0, v, 0)k\F^ < e\k\E^ 

for all k G E^ and for h G E^ sufficiently close to 0. In order to prove this 
estimate we shall show that 

\I{a,v,h,k)-I{a,v,0,k)\F^ < e\k\E^ and \II{a,v,h,k)-n{a,v,0,k)\Fr^ < e\k\E„ 
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for all k G £"„ if /i G E^ is sufficiently close to 0. We only prove the 
first estimate involving I{a, v, h, k) since the same arguments apply to the 
term II{a,v,h,k). The difference I{a,v,h,k) — l{a,v,0,k) consists of two 
summands, 

/(a, V, h, k) — I{a, v, 0, k) 

= [{DsLia, V, h)k) o Dl{u + h) - {D^L{a, v, 0)k) o D,"(n)] 
+ [L{a, V, h) o D^^i^k) - L{a, v, 0) o D^^{k)] 

and we estimate each of the terms. We take 6 > and h close to in Em- 
Then, using statement (3) of Proposition 14. 1 II and Proposition 14. 121 the first 
summand of the difference /(a, v, h, k) — I{a, v, 0, k) can be estimated as 

I {DsL{a, V, h)k) o D:{u + h)- {D-Ma, v, 0)k) o D:{u)\p^ 
< \[{D-sL{a,v,h) - DsL{a,v,0))k] o d:{u + h)\F^ 
+ \{D,L{a,v,0)k)oD:{h)\F^ ' 



< 



for all k G Sm- The second term of I{a, v, h, k) — I{a, v, 0, k) is estimated by 
Propositions 14.111 and 14.121 as 

\[L{a,v,h) - L{a,v,0)] o D:{k)\F^ < 6 ■ Cm ■ \k\E^ 

if h is sufficiently close to in E^- Consequently, if e > is given, we can 
choose 6 sufficiently small and h sufficiently close to in Em such that 

\I{a,v,h,k) - I{a,v,0,k)\E„, < e\k\E^ 

for all k G Em- The estimate for the term II is the same. Together the 
estimates imply that, given e > 0, then 

1^3^1(0, V, h)k - D^a, V, 0)k\F,^ < e\k\E^ (49) 

for all k G Em and for (a, v, h) G Om sufficiently close to (0, 0, 0) on the level 
m. We next consider the map h \-^ ^2{ci,v, h). Recall that ^2 is a solution of 
the equations 

©ate) = 

^1. X (50) 

ea{i2) = -{d,ea{h) + j^dtea{h)). 
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Linearizing the map h \-^ C,2{ci',v, h) at h in the direction of k we find 
®a{D3Ua,v,h)k) = 
eaiD3^2ia,v,h)k) = -{ds Qa (k) + Jodt Qa (k)). 

Consequently, since □„ is an isomorphism, 

£'3^2(0, V, h) = D3^2{a, V, 0). 

In view of f H^ and D^ii^a.v.h) = 1^3,^1(0, f, /i) +1^3.^2(05^,^)5 we finally 
obtain for given 5 > 0, that 

\D,f{a, V, h)k - Df{a, v, 0)k\F^ < e\k\E^ 

for all k G Em and for {a,v,h) close to {a,v,0). This proves the desired 
estimate in Proposition 14.251 (Nodal Case). ■ 

Finally, we shall prove the nodal case of Proposition 14.231 

Proposition [333] (Nodal Case). Let IC be a finite- dimensional sc- comple- 
mented linear subspace in S and let {ao,vo,f]o) & O in which rjQ G /C. Fix 
the level m > and consider a sequence {aj,Vj,r]j) in O such that rjj G /C 
and {aj,Vj,rij) — )• {ao,vo,rio). Then the following holds. If {rjj) is a bounded 
sequence in £rn. satisfying 

D3f{aj,Vj,r]j)r]j =yj + Zj, 

where yj — )■ m J-'m and [zj) is bounded in Tm+i, then there exists a subse- 
quence of {rjj) such that the sequence {rjj\{S\D{—\)) of restrictions converges 

in C^rri' 

Proof. It suffices to study the problem near the nodal pairs. We fix the 
nodal pair {x, y} & D and work in local coordinates on D^ U Dy where D^ 
and Dy are disks of the small disk structure. As in the previous proposition 
we choose the holomorphic polar coordinates a~^ : M"*" x S^ — )■ D^ and a~ : 
M"*" X S^ ^ Dy satisfying o"+(s,t) — )■ x and a~{s',t') — )■ y as s — )■ 00 and 
s' — )■ —00, and we take a chart ip : U G Q ^ M^'" around the image of 
the nodes u{x) = u{y) satisfying tp{u{x)) = il){u{y)) = 0. The smooth map 
n : 5 — 7- Q is represented on the set D^ U Dy by the pair (u+, n~) of smooth 
maps u^(s,t) = ip o u o cr^(s,t) : M^ x 5*^ — ?■ M?^ and the vector field rj 
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along the map u is represented by the pair h = {h~^,h ) of vector fields 
/i^(s, t) = Tipiu o a^{s, t)) o r] o cr^(s, t) along the maps m^. The section 

on Dx U Dy is represented in local coordinates by the pair of vectors 

(f"*"(a, V, h), f~(a, V, h)) 

defined by 

f+(a, V, h){s, t) = T^{u o a+(s, t)) o f (a, t;, r/)(a+(s, t)) ■ [9sCT+(s, t)] 
f-(a, i;, /i)(s', t') = Ti){u o a-(s', t')) o f (a, t;, r/)(a-(s', t')) ■ [9,ct-(s', t')] 

for (s,t) G M"*^ X S*"*^ and (s',t') G M^ x S^. Since j does not depend on the 
parameter v on D^ UDy, the section f (a, w, 77) and hence the maps {"^{a, v, 77) 
are independent of the parameter v on D^ U -Dj^. Abusing the notation we 
write u = {u^,u~) and abbreviating the glued map and the glued vector 
fields by 



Un 



®a{u) = ®a{u+, u~) and K = ®a{h) = ®a{h+, h'), 



and introducing ^^ = f^{a,v,h), the pair ^ = {^~^,^ ) is a solution of the 
equations 

©a(0 = 0(Wa + ha, Ua) [ds{Ua + ha) + /(«« + ha)dt{Ua + /ia)] 

e.(0 = ^o(e.(/i)). ^ ^ 

By our assumptions, we are given a sequence {aj,Vj,rjj) in O converging to 
(ao, fo, ''70) and such that rjj belongs to a finite-dimensional sc-complemented 
vector space JC of S. In addition, there is a bounded sequence (rfj) in £^,m 
satisfying 

Dgf (aj, t;j, 77j)r/j = y^ + Zj, 

where i/j — >■ in J>„ and the sequence (zj) is bounded in J-m+i- In our 
local coordinates on D^ U Dy, the vector fields rjj and 770 are represented 
by pairs of smooth maps hj = {h^,hj) and ho = (/i^,^(^) belonging to a 
finite-dimensional sc-complemented space K of the sc-Hilbert space F. We 
observe that hj — )■ /iq in E^ for every level A; > 0. The elements i/j and Zj are 
in our local coordinates and in abuse of the notation represented by the pairs 

157 



Vj = {yt^Vj ) ^ ^™ ^^'^ ^3 = (^/' ^j ) ^ ^™+i • Then, denoting by kj E Em 
the local representatives of rfj on Dr^ U Dj^, we have 

L'af (cj, Wj, /ij)/cj = yj + Zj. (52) 

By assumption, the sequence {kj) is bounded in Em, the sequence (i/j) con- 
verges to in Em and (zj) is bounded in Em+i- 
We linearize the equations (J5T]) with respect to the variable /i and obtain 



®a,iD3i{aj,Vj,hj)kj) 

= [DiQ{Ua^ + haj,Ua^)ka^] ■ [ds{Ua^ + haj) + J{Ua^ + ha^)dt(Ua^ + haj 
+ Q{Ua^ + ha^,Ua^) ■ [DJ{Ua^ + /IqJ ■ /c^J " dt{Ua^ + /la,)] 
+ 0(Ma, + ha^,Ua^) ■ [dgka^ + J{Ua^ + /la, ) <9t /i;a J 

(53) 
and 

Ba, (^Sf (Oj, Wj, ha^)kj) = do (Ga, (^j)) • (54) 

We have used the notation ka = ®aikj). Abbreviating by Aj,Bj and Cj 
the three terms on the right-hand side of (153 p . we have 

®a, {D3i{aj, vj, hj)kj) = Aj + Bj + Cj. (55) 

Recalling the identity (EI]), 

TK,+K^,u^^y [©./(a,, .,, h,)] = \ [d.{u.,+K^)+J{u^^+K^)d,{u.^+K^)] , 
the term Aj can be written as 

Aj = [Die{Ua^ + ha^,Ua^)ka^] ■ T{Ua^ + ha^ , Ua^) ■ [©„ T(aj, t;^, /ij)] . (56) 

By our assumption, 

Daf (aj, Vj, hj)kj = yj + Zj, (57) 

where (yj) is a sequence converging to in Em and {zj) is a bounded sequence 
in Em+i- We decompose y^ and Zj as 

%■ = yij + 2/2,i and Zj = Zij + 2;2j- 
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according to the splitting kei Qa^ ©ker©a^.. Since ©a^d/j) = ©a^(l/ij) and 
QaiVj) = 0, we observe, using Proposition 14.131 and the definition of the 
Gj^-norm, that 



We conclude, in particular, that the sequence (yij) converges to in Fm- 
Since y2j = Vj — yij, also the sequence {y2,j) converges to in Fm- Similar 
arguments applied to the sequence (-Zij) show that the sequences (zij) and 
(^2j) are bounded in Fm+i- 

Since ®a,{yj + Zj) = ®aj{yi,j+zi,j) and Ga,{yi,j+Zi,j) = 0, the maps yij + zij 
are, in view of ( 153|) . the solutions of the equations 

Qa.iyiJ + Zij) =0. 

Using the total hat-gluing map E\aj = (©a^, ©aj), the above two equation can 
be written as 

Ea, (yij + z,j) = {A, + B, + Cj, 0) (59) 

Similarly, since ffiaj(z/2,i + Z2j) = and Ga^iyj + Zj) = ®a,{y2,j + 2:2^), the 
maps y2,j + -22 J solve, in view of ( l5l|) . the following two equations 



©a,(Z/2,i + 22,i) =0 

©a,(2/2,i + 2;2j) =^o(©a^.(%)) 

which can be written, using the total hat-gluing map EIq . , as 

Ea,(Z/2,i + Z2,j) = {QMea,{k,))). (61) 

By Proposition 12.421 the total hat gluing map □„ is an sc- isomorphism, so 
that flS^ implies 

1/1,, + ^1,, = (aJ-'(A„0) + (H,J"'(5,-,0) + (H,J"'(C,-,0). (62) 

We consider each of the sequences on the right-hand side separately and start 
with (HaJ~\Aj,0). Abbreviating 
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aj 1 Uaj ) , 



the maps Aj can be written, in view of (1561) . as 

Aj = A{Ua^ , ha^ , ka^) ■ [©<j T(aj, Vj, hj)] . 

In view of our assumption, the sequence (hj) belongs to the finite dimensional 
sc-complemeted subspace K oi E and converges to ho e K. Hence (hj) 
converges to ho in every space Ek, k > 0, and in particular, in the space Em+i- 
Consequently, the sequence (f{aj,Vj,hj)^ converges to f(ao,wo)^o) in -^m+i- 
We conclude, applying Proposition 14. 121 . that the sequence ((E]a^)~^(ylj, 0)) 
is bounded in Em+i- 

Next we consider the sequence (^(E\a,)~^{Bj, 0)). We recall that Bj is defined 
by ^ 

We rewrite the sequence (-Bj,0) using the map Bi (B E ^ F introduced in 
Section H73] and defined by (a, h) i— )■ D1{h). Introducing the matrix 

e(Ma, + haj.Ua^) ■ [DJ{Uaj + ha^) ■ ka^] 

id 



A{Ua^ +ha^,ka^) 

the sequence {Bj,0) can be written as 

{B„ 0) = A{Ua^ + ha^,ka^) O H,^ O D^' {u + hj) 

SO that 

{Ba^y\Bj, 0) = (H,J-i o A{ua^ + /la,, A;a,) o H,^. o D^'iu + /l,). 

By Proposition 14. Ill the map (a, /i) i— )■ Df{h) from Bi®E to F is sc-smooth. 
In view of the convergence u+/ij — ?■ n+/io in -E'/e for every level /c, the sequence 
(-D^-' (u + hj)) converges to D1°{u + ho) in Fm+i. Applying Proposition 14. ISj 

we conclude that the sequence {E\aj)~^{Bj, 0) is bounded in Fm+i- Summing 
up, we have shown that the sequences (E\aj)~^{Aj,0) and {E\aj)~^{Bj,0) are 
bounded in F^+i- Thus, abbreviating 

z^,j := z^, - {Ba^)-\Aj,0) - {Ba,)~\B„0) 

the sequence Zij is bounded in F^+i and, in view of fl62|) . 
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The above equation can be written as 

®ajyi,j + ®ajZlJ = Cj 



(63) 
We recall the equations fpU|) . 

©a,2/2,,+©a,^2,, =0 ^^^^ 

Qa,y2,j + QajZ2,j = do{Ga,{kj)). 

Abbreviating 2' = ^ij + 22 j and recalling that yj = yij + y2j, we obtain 
after adding the corresponding rows of (!63|) and (164|) . 



Since 
and 



Cj = Q{Ua^ + ha^,Ua^) ■ [dska^ + J{Ua^ + haj)dtkaj] 



(65) 



the first equation in (|65l) can be written as 

1 
2 



r('Ua, + ha^,Ua^) ■ {®a,yj + ©a, 4) = o [^ska, + ^(Wa, + /^aj^t^aj • 



The left-hand side can be written as 

r(Ma, + /ia,,Ma,) " (©a,%- + ©a, 4) = ©a,0 + ©a/j 

where the sequence {Q) converges to in F^ and the sequence (Cj) is bounded 
in Fra+i- Consequently, the equations (!65|) become 

- [ds ©a, (^i) + J(Ma, + /ia,)9i ©a^. {kj)] = ®a,Cj + ©a,CJ 

MQa.ikj)) = Qa.yj + ©a,.%-. 

Now we can apply Proposition l5.2l froni Appendix 15. 4l to deduce that if x^ and 
X~ are cut-off functions near the boundary, the sequence ((x^^/) X~kj)) has 
a convergent subsequence in Em- The proof of Proposition 14.231 is complete. 

■ 

Adding up the classical cases and the nodal cases of the present section 
by means of a finite partition of unity on S*, the proofs of the Propositions 
123 and 1125] follow. ■ 
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5 Appendices 

In the following we shall provide the proofs of the results used earlier. 

5.1 Proof of Theorem 12.471 

The crucial point of this result is the sc-smoothness at points where a = 0. 
As long as a 7^ the defining equations for $, produce a formula for r] which, 
in view of the core-smoothness of 4>(a,v) and of Theorem 12 ■46[ shows a smooth 
dependence on {a,v,C,). So let us assume our parameters {a,v) vary around 
(0, Vq). The preimages of the two boundary circles of Zi,(^a,v){—H) under 0(a,„) 
are smoothly varying curves in Za{—h) with respect to the natural coordi- 
nates on Za- Here the left curves vary smoothly for the (s, t)-coordinates and 
the right curves for the (s', t')-coordinates. We find, assuming that {a,v) is 
close to (0,fo), a constant k so that these circles do not intersect Za{—h — k). 
Then we construct for {a,v) close to (0,fo) a new family of diffeomorphisms 
ip(^a,v) with the following properties. The map 

'^{a,v) ■ Za -^ Zb(a,v)i — H) 

is a diffeomorphism and the family is core-smooth. In addition, 

^{a,v) = (f){a,v) on Za{-h - k - 1) 

and there exists a germ of complex structure j(a,v) which is the standard 
structure on Za{—h — k — 1) such that 

'4^{a,v) '■ iZa,j{a,v)) " ^ (^b(a,i') ( — -f^), 

is biholomorphic. Now it suffices to study the problem 

©a iv) = ®bia,v){0 ° i^{a,v) and Qa (v) = (66) 

since the modification from (f)[a,v) to ip{a,v) does not change the sc-smoothness 
properties in view of Theorem 12. 461 Finally, we note that instead of Zf,(a,v) {~H) 
we can take Zh'(^a,v), where b'{a, v) has the same angular part, but a possibly 
different absolute value so that both equipped with the standard structures 
are holomorphic by the map which in the canonical coordinates is the iden- 
tity. If b{a,v) is smooth so is b'{a,v) as a consequence of the discussion in 
[26] , Section 4.2. Namely, with ip being the exponential gluing profile, 

^{\b{a,v)\-H) = ^{\b'{a,v)\), 
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which imphes the smoothness in view of [2S], Lemma 4.5. Then (166 p turns 
into a set of equations in which b{a,v) is replaced by b'{a,v) and ^ is given 
on DxUDy. This latter equation defines an sc-smooth map as proved in [26] , 
Theorem 1.31. The proof of Theorem 12.471 is complete. ■ 

5.2 Proof of Lemma 13.41 

Lemma |3.41 We consider the stable map {S,j, M, D, u) and two sequences 
Uk, u'f^ € H^'^"{S, Q) of maps from the noded Riemann surface S into the sym- 
plectic manifold Q converging to u in C^ . We assume that {ak, Vk) -^ (0, 0) G 
O and {bk,Wk) — > (0,0) G O and assume that 

(pk ■ {Sa^,j{ak,Vk),Ma^,Da,^,®akiUk)) "^ (Sb^, j (bk, Wk), Mb^, Df,^, ^hkiK)) 

is a sequence of isomorphisms. Then there is a subsequence of{(j)k) which con- 
verges in C^^ away from the nodes to an automorphism (pQ of {S,j,M,D,u). 

Proof. We abbreviate Sk = Sa^ and 5*^ = Sb^. and choose two sequences gk 
and g'l^ of Riemann metrics on Sk and S'f^, which are independent of k on the 
core regions of Sk and 5*^, respectively, and which are translation and rotation 
invariant standard metrics on the neck regions of Sk and 5*^ (identifying the 
necks with cylinders). We abbreviate the norms by |-|fc = \/ g'ki'i ■)• 

In a first step we show that the sequence |V0A:|fc is uniformly bounded. 
Arguing by contradiction we assume that there is a sequence of points Zk G Sk 
satisfying 

Rk = |V0fc(2fc)|fc -^ oo. 

We next show that the sequence (zk) stays at a finite distance to the 
core regions of Sk- Arguing by contradiction, we assume, after taking a 
subsequence, that Zk lies in the neck region Nk associated with the nodal 
pair {x,y} G D and that dist {zk,dNk) — > oo. We distinguish the following 
two cases. 

(1) The image sequence {(pki^k)) lies in the neck A''^ of S'[, associated with 
the nodal pair {x',y'} G D and dist {(f)k{zk),dNl.) — )• oo. 

(2) The image sequence {(pki^k)) lies at a finite distance to the core region 
of^^. 
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To deal with the case (1) we recall that the necks A^^ of Sk are the finite 
cylinders Zll"^' := Z^^^^^y connecting the boundaries of the associated disks 

Dx and Dy of the small disk structure. These cylinders are defined as follows. 
We choose the positive and negative holomorphic polar coordinates 

h, : [0, oo) xS'-^D,\ {x}, K{s, t) = 7^,(e-2-(^+**)), 

hy : (-00,0] X S^^Dy\{y], hy{s,t) = hy{e^-^'+''^), 

where 

hx : {w e C| |w;| < 1} ^ D^ and hy : {w e C| |w;| < 1} ^ Dy 

are biholomorphic mappings. We remove from the disk Dr^ the points z = 
hx{s,t) G Dx for s > (p{\ak\) and from Dy the points z' = hy{s',t') G Dy for 
s' < —ip{\ak\). Here ip is the exponential gluing profile. The remaining points 
of the disks D^ and Dy are identified as follows. The points z = hx{s, t) and 
z' = hy(s',t') are equivalent if s = s' + -R^ and t = t' + 'd (mod 1), where 
Rk = viWkl) and afc = \ak\e~'^''''^ . 

Assuming that the sequence (0fc(zfc)) lies in the neck Nj, = Z^^ '^ as- 
sociated with the nodal pair {x',y'} G D and dist {(j)k{zk),dN'f,) — )■ oo, we 
identify zi^'^^ and Z^^''^'^ with the cyhnders [0,Rk\ x S^ and [0,i?y x S\ 
Then Zk = (sfc,tfc) G [0,/?^] x S'^ satisfies s^ — ;■ oo and Rk — Sk — > oo. 
Similarly, if (pk^Zk) = {rk,Ok) G [0, -RJ.] x S^, then r^ satisfies r^ — >■ oo and 
R'k — rk^oo. In view of the periodicity in the t- variable, we view the maps 
(j)k as maps on (subsets of) C. 

Applying the bubbling off arguments from [13], we choose a sequence (e^) 
of positive numbers such that Ek -^ and EkRk -^ oo. In view of Lemma 26 
in [13] we can modify the sequences (e^) and (zk) so that the new sequences 
satisfy 

Ek -> 0, RkEk -^ oo (67) 

\VMz)\ <'2Rk if \z-Zk\ <Ek. (68) 

Introducing the representation 0fc(z) = {ak{z),9k{z)) G M x 5^ and nik = 
o,k{zk), we define the sequence (0^) of rescaled holomorphic maps on the disks 

\z\ < EkRk by 

(f)k{z) = {ak{z),9k{z)) = {ak{zk + ^-) -mk,9k{zk + ^-)). 

Kk rCk 
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The maps 0^ satisfy 

|V0fc(O)|fc = l and \VMz)\k<2 if \z\ < SkRk. 

We also note that the maps are injective. From the gradient bounds, one de- 
rives Cj^-bounds for the sequence (0^)- Since the maps (pk are, by construc- 
tion, locally bounded in k, we find by Ascoli-Arzela's theorem a converging 
subsequence 0^ — )■ in C^^{C). The limit map (f){z) = {a,9) : C -^ M. x S^ 
is a non-constant injective holomorphic map satisfying 

|V0(O)| = 1. 

We may view M x S*^ as S*^ \ {0, oo} conformally. Using the removable sin- 
gularity theorem we obtain the non-constant holomorphic map 

: 52 -> 52 

which misses at least one point. This contradicts the fact that there is no 
non-constant holomorphic map S"^ — )■ C 

In case (2), the bubbling off analysis as above, but replacing the maps 0/; 
by the maps 

4^k{z) = 4>kizk + — j ioT\z\<ekRk, 

produces a non-constant holomorphic map : C — )■ C into a connected and 
compact component C of the noded Riemann surface S. In view of the re- 
movable singularity theorem, we can extend the holomorphic map from 
C to a holomorphic map : S"^ = CU{oo} — t- C. Since non-constant 
holomorphic maps are open and since 5*^ is compact, the map is surjec- 
tive onto C, and we conclude from the Riemann-Hurwitz formula that the 
genus g{C) is equal to so that = 8"^. Since the maps 0^, by definition, 
map special points onto special points, and since the neck regions do not 
contain any special points, we conclude from the surjectivity of and the 
connectedness of the noded Riemann surface (S", j, M, D) that the component 
C = S'^ possesses precisely one special point, namely a nodal point, which is 
hit by the extension : S*^ — )■ C = S*^. Since the number of special points 
is equal to 1, we conclude from the stability assumption of the stable map 
{S,j,M,D,u) that j(jU*uj > 0. Consequently, we find two points p and q 
in C such that their image points p' = (f){p) and q' = (f){q) are different and 
such that dist {u{p') , u{q')) > 0. Since (pk is an isomorphism, we know that 

165 



®bfc('"fc) ° ^k — ®afc(wfc)- Hence at a finite distance to the core regions we 
have u'j^ o 0fc = Wfc for k large. Abbreviating by Tk{z) = ^k + -^ the maps 

introduced for the rescaled map (pk, we compute, 

< dist {u{p'), u{q')) = dist (n o 0(p), u o (j){q)) 

= hmdist (Wfc o 0^ o Tk{p),Uf, o 0^ o rfc(g)) 

k 

= hmdist (uk o Tk{p),Uk o rfc(g)) 
= dist(n(x), u(x)) = 0, 

which again is a contradiction. 

Consequently, we have proved that the sequence {zk) necessarily stays at 
a finite distance to the core region of Sk- Since there are only finitely many 
connected components of Sk, we may assume that the sequence [zk) stays at 
a finite distance to the core region of the connected and compact component 
C of the noded Riemann surface S. Again we distinguish the two cases (1) 
and (2). Arguing as before, both cases lead to contradictions and we have 
proved the claim that bubbling off in the sequence (0^) of isomorphisms does 
not occur. 

Therefore, one concludes by Gromov-compactness that any subsequence 
of (0fc) possesses a subsequence which converges in C^^ away from the nodes 
to some automorphism c/?o : {S,j,M,D,u) — ?> {S,j,M,D,u) of the stable 
map as claimed in Lemma [3.41 ■ 

5.3 Linearization of the CR-Operator 

In order to linearize the Cauchy-Riemann operator we first introduce some 
notation. If V is a connection of the vector bundle E ^ Q over the smooth 
manifold Q, then the covariant derivative V^s of the section s in the direction 
of the vector field X on Q is the section, which in local coordinates is given 
by 

Vxs{x) = Ds{x) ■ X{x) + T{x){X{x), s{x)). 

Here, Ds is the derivative of s and F is the local connector associated with 
V. In the case of the tangent bundle E = TQ — ?■ Q, the torsion A^ of the 
connection V is, in local coordinates given by 

N{x){X,Y) = T{x)iX,Y) -T{x){Y,X). 
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liu : S -^ Q is a. smooth map, the pull-back connection m* V on the pull-back 
bundle u*TQ -^ S is defined as follows. The covariant derivative {u*'V)xV 
of a section rj of the pull-back bundle (hence satisfying ri[z) G Tu(z)Q) in the 
direction of the vector field X on S, is the section, which in local coordinates 
is given by 

{u*V)xv{^) = Dti{z) ■ X{z) + T{u{z)){Du{z) ■ X{z),7]{z)). 

Here Dr] and Du are the derivatives of r/, respectively u, in local coordinates. 
Connections on the tangent bundle TQ — )■ Q induce natural connections 
on function spaces associated with the manifold Q, as is explained in [3]. 
We consider the function space of functions u : S ^ Q having sufficient 
regularity and denote by 

9 : M I— )■ Tu 

the map associating with the map u its tangent map Tm, which is a section of 
the vector bundle T*S ® u*{TQ) ^ S so that Tu{z) G C{T,S, Tu(^z)Q) for all 
z & S. Let ?7 be a section of the pull-back bundle u*TQ — )■ S. The covariant 
derivative ( V^c?) (m) of the map d at the point u in the direction of rj is the 
section of T*S ® u*(TQ) — )■ S, in local coordinates given by 

{Vr,d){u){z) = Dr]{z) + T{u{z)){r]{z),Du{zy). 

Since, for the fixed map u : S -^ Q the covariant derivative (m*V),, of the 
section rj of u*TQ -^ S is the section of T*^ ® u*(TQ) — )■ S which in local 
coordinates is given by 

iu*VUz)i-) = Dviz) ■ +Tiuiz)){Duiz);r^iz)), 

we obtain the formula 

(VM^) = («*V), + N{r], Tu-). (69) 

More specifically we now assume that {Q,u}) is our symplectic manifold 
equipped with the compatible almost complex structure J. We choose a 
connection V on TQ — )■ Q which satisfies V J = 0. For fixed (a, v) we con- 
sider the space of maps u : Sa ^ Q and compute the covariant derivative 
iyr,djj(^a,v))iu) of the Cauchy-Riemann map 

^ ^'dj,j{a,v)){u) = -[Tu + J{u) oTuo j{a,v)\ 
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at the point u in the direction of the section 77 along u. In view of VJ = 
and the formula (1691) we obtain the following formula for the section 

i^v^j,j{a,v)){u) of the vector bundle T*S ® u*{TQ) -^ S, 

1 (70) 

- [N{r], Tu-) + J{u) o N{r], Tu o j{a, v)-)] . 
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The Cauchy-Riemann type operator in ( 1701) is in local coordinates of the 
form 

D'qi^z) + J{u{z)) o Dr]{z) o j{a, v) + A{z){r]{z),Tu{z)). (71) 

Here A{z) is a bilinear map. Fixing the point zq G Sa-, we choose a smooth 

family yj^ : [D, i) — )■ {V,j{a, v)) of biholomorphic mappings which map G C 

onto zq. Taking the composition ,^ = 77 o (y9„ : £) — > M^" and evaluating the 

d_ 

_ ' ds 

for Vr,djj(^a,v){u), 



above operator at the vectors T(fy ■ M- we obtain the following local expression 



d do 

—i + J{uo^^) ■ _^ + A((^„)(^, — (uo^„)). 

Let us apply the above considerations to our filled section f : O — !■ J-" of 
Section 14.51 which is defined by 

r[exp„^ (©„(??)), Ma] o©„f(a,t;,?7) oa{a,v) = 9jj(a,„)(exp„^ (©„(?7))) 

Qj{a,v,vi) = do{Qaiv))- 

For fixed (a, v) we take the covariant derivative with respect to the section 
7] at the section k in the direction of the section h of the bundle u*TQ — > 5* 
and obtain 

(V(Texp„j®.{fc)).ea(fe),o)r)[exp„_^ (©,,(/?), uj o (ffij(a, y, /c)) o (j(a, w) 
+ r[exp„^(©aA;),uJ o (©„D3f(a, w, /c) ■ h) oa{a,v) 

and 

ea{D^iia,v,k) ■ h) = do{ea{h)). 

We note that Texp„^(©a(A;))-©a(/i) is a section of the bundle [exp^^{Q)a{k))]*TQ. 
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5.4 Consequences of Elliptic Regularity 

In the following we first apply the elliptic regularity theory to a family of 
Cauchy-Riemann operators on a fixed domain. In sharp contrast to this 
"classical case" we then apply the elliptic regularity theory in the "noded 
version" to a family of Cauchy-Riemann operators on varying domains. 

Classical Case 

We denote by D the closed unit disk in C and hy D^ d D the concentric 
subdisks D^ = {z E D\, \z\ < \ — 5} ioi Q < 5 < 1. By (Jfc) we denote a 
sequence of complex multiplications on M^" smoothly parametrized by -D, i.e., 
Jk{z) for z G -D is a complex structure smoothly depending on z. We assume 
that Jfc — )■ J in C°°{D) so that J is a again a smooth family of complex 
structures on R^". We also assume that J{z) is close to i so that in particular 
for z e dD the space (M © {0}) © ... © (M © {0}) is totally real for J{z). 
Moreover, we consider a sequence (Ak) of smooth maps Ak : D -^ £(]R^", M^"-) 
which converge to the map A : D ^ £(M^",M^") in the C°°-topology. We 
assume that (yk) is a sequence in if^"'"'^(D,]R^") converging to 0, 

and we assume that the sequence (zk) C H^~^"^{D,M.'^'^) is bounded. Finally, 
we assume that the sequence (uk) is bounded in if^'^™(D,]R^") and satisfies 
the equations 

dsUk + JkdtUk + AkUk = yk + Zk- (72) 

Proposition 5.1. Under the above assumptions, every Uk splits as Uk = Vk + 
Wk where the sequence {wk) C iJ'""^^(D,M^"') converges to in iJ™+^(L),]R^") 
and the sequence (vk), if restricted to Ds, is bounded in H'^~^'^{Ds,M.'^'^) for 
every < 5 < 1. In particular, the sequence {uk) possesses a subsequence 
which, restricted to Ds, converges in H'^~^^{Ds, 



t>2n\ 



Proof. We introduce the subspace W C H"^~^^{D, M^") of maps satisfying the 
boundary conditions u{l) = and u{z) e (M © {0}) © ... © (M © {0}) for all 
z G dD. Then the linear operator 

L:W ^ H'^+^iD, M^"), u^Us + Jut + Au 

is a Fredholm operator of index whose spectrum is a countable discrete 
set of points with no finite limit point. The same holds true for the linear 

169 



operator 

Lk-.W ^ H^^'^iD, M^"), u^Us + JkUt + AkU 

and there exists an e > such that for k sufficiently large the operators L^+e 
are linear isomorphisms. Moreover, \\{Lk + s)~^\\ < C for all k > ko, with 
a constant C independent of k. For k > ko, we let Wk E W he the unique 
solution of 

(Lfc + e)wk = Vk- 

Since i/fc — ^ in H'^~^'^{D,M?^), we conclude from 

||w^fc||_ff'"+3(D,E2n) = \\(Lk+e)~ (yfc)||_H'"i+3(£)_]K2n) < C 1 1 ^fe 1 1 _H'm+2 (B^lR2n) 

that liJfe — )■ in i7'"+^(D,M^"). Now we set Vk = Uk — Wk and note that the 
sequence (vk) is bounded in H"^~^^{D,M.'^'^) in view of the assumption on the 
sequence (uk). We compute, using fl72]) . 

Lfc(i;fc) = -^fc(Mfe) - -^fe(wfc) = ivk + Zk) - ivk - swk) = Zk + ewk =: zl- 

Since ty^ — ?■ in if'""'"'^(D,M^") and since, by assumption, the sequence 
{zk) is bounded in H^^^{D,M?^), the sequence (2;^) is also bounded in 
i7'"+3(L),M2"). Now using that {vk) is bounded in i/'^+3(L),M2"), we con- 
clude by the interior elliptic regularity theory that the sequence {vk) is 
bounded in the space HJ^^'^{ini[D),'M?^). This implies the desired conclusion 
of Proposition I5.1[ ■ 

Noded Version 

We assume that we are given two smooth maps 

[0, 00) X 5^ ^ £(M2", R^'"), (s, t) ^ J+{s, t) 

and 

(-00, 0] X 5^ ^ £(R2", M^"), (s', t') ^ .r{s', t') 

where J^{s,t) and J~{s',t') are complex structures on M^" for every {s,t) 
and (s', t'). Moreover, we assume that there is a complex structure Jq on R^" 
such that 

J+(s,t)->Jo and J"(s', t) -> Jq 

uniformly in t as s — ?> 00 and s' — )■ — 00. In addition, we assume that for 
every multi-index a and every e > 0, there exists a number sq > such that 

|D"(J+(s,t)- Jo)| <£ fors>so 

\D''{J~{s',t')-Jo)\<e fors'<-so. 
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Further, we assume that the sequence (a^) of gluing parameters in _Bi \{0} 
converges to 0, 

Ofc — )■ as /c — )■ oo. 

By Za^ we denote the associated glued finite cylinders introduced in Section 
12.11 and by Za,.{—r) the sub-cylinder 

Za,{-r) = {[s,t] eZa,\r<s<Rk- r}, 



where, as usual, Rk = e^°^ — e. 

In addition, we let z i— ?■ Jk{z) be a smooth family of complex structures on 
M^" parametrized by 2; G Za,.. We assume that the sequence (Jfc) converges 
to J = (J+, J-) on Zq = (R+ X S^) U (M~ x 5"^) in the following sense. 
Recall that on every cylinder Za,. we have the two distinguished canonical 
holomorphic coordinates (s,t) G [0,/?^] x S^ and (s',t') G [— -Rfc,0] x S*^. 
Then, 

• given m > and e > and r > 0, there exists fco such that 

|Z}"(Jfc([s,t])-Jo)|<5 (73) 

for all [s,t] G Zaj.(— r), all multi-indices a satisfying |a| < m, and all 
k > ko. 

• Moreover, for every r > and m > 0, 

Jk{[s,t]) ^ J+{s,t) mC^{[0,2r]xS') 
M[s',t']) ^ J~{s',t') in C™([-2r,0] x S') 

as A; — )■ 00. 

With the sc-Hilbert spaces E and F of pairs h = (h~^, h~) of maps h^ : 
M^ X S*^ — )> M^" defined in Section 2.4 the following result holds true. 

Proposition 5.2. Fzx a level m > 0. We assume that (y^) and {y'j.) are 
sequences in F^ which converge to and (zk), (2^) are two bounded sequences 
in Fm+i- Moreover, we assume that {hk), where hk = {h'l,h^), is a bounded 
sequence in Em satisfying the equations 

ds{®a,{hk)) + Jkdti®a,{hk)) = ®a,{yk) + ®a,{Zk) 
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Then the following statement holds true. If a : M^ -^ M. is a smooth function 
which vanishes near and is equal to 1 outside of a compact set, and if 



the functions a- 



-)■ 



are defined by a~^{s) = a{s) for s > and 



a {s') = a{—s') for s' < 0, then the sequence 

{a'^hl.a'hl) e Em 
possesses a subsequence which converges in Em- 

Proof. We take a function a : M.^ — )■ M having the properties as in the 
statement of the lemma. Since a is equal to near 0, we extend a by on 
the negative half-line. By assumptions, there are two numbers < ro < ri 
such that a{s) = for all s < tq and a{s) = 1 for all s > ri. We shall 
show that the sequence (a+/i^, Ci~h'^) possesses a convergent subsequence in 
Em- This will be done in two steps. In the first step we shall show that the 
sequences {a^h'l) and (a~/i^) possess converging subsequences in the spaces 
^m+3QQ^ r] X ^\ m?'') and i7™+3([-r, 0] x ^\ M^n^ respectively for every r > 
0. In the second step we then show that for large r > the sequences (a^/i^) 
and {a~h'^) possess converging subsequences in i/s+m,^™ q^^ ^^-j ^ ^i^ ]^2n-j ^^^ 
i73+™"5-((_oo, -r] X 5\R2"), respectively. 

In order to carry out the first step of the proof we choose r > ri and 
introduce the function 7 : M — )■ M by 
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Figure 13: The graph of the function 7 
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We shall prove that (7/i^) has a converging subsequence in the space 

H"'+^{[0,2r] X S\M2"). Since 7/1+ = a+/i+ on [0,r] x S^, this then implies 
that the sequence {a^h^) has a converging subsequence in if™+^([0,r] x 

1 

We recall that Rk = ei"fci — e, so that i?fc — > 00 as a^ — t- 0. Taking k so 
large that 2r < -^^ — 1, we compute, recalling the gluing construction ©q^,, 

= ds{-f®a^ /ifc) -7- ®akh- 

Hence multiplying the equation ( 174|) by 7 we obtain 

dsiiK) + j,dt{^h+) 

= 7[dsht + Jkdtht]+iht 

= -f[ds{®aM + Jkdt{®a,hk)] + iK 

= l[®a,yk) + ®a,Zk)\ + iht 

Because 7(5) = for s > — ro + 2r we may consider the maps 7/^^ , 7?/^!', 
7^^ and 7/1^ as equal to for s > — ro + 2r. The maps h^ are of class 
^3+m,5„ ^^^ ioim. a bounded sequence in the space /73+m,<5™ (^]^+ ^ 5'i^]R2n^_ 

Since they are supported in the finite cylinder [0, 2r] x S'^, the sequences 7/1^ 
and 72^ are bounded in ffS+m.^^+i ^]^+ ^ 5"!^ ]]j2n^_ Hence the above equation 
becomes 

ds{lK) + JkdtilK) = ivt + Pk 
where the sequence (p^) is bounded in H'^+^^^^+i (^+ x S'-^,M^") and the 
sequence (71/^) converges in _f/'2+m,<5,„ j^]^+ ^ 5*1^ 1^2". -j^ 

Moreover, the maps 71/^ and p^ are supported in the finite cylinder 
[0,2r] X S^. li h : IR+ x S^ — )■ -D \ {0} is the holomorphic map defined 
by h{s,t) = e~2'^(*+**), we denote its inverse map hy (p : D \ {0} — t- M^ x 5"^ 
and define Vk{z) = 7 ■ /i^ o 0(z). The maps v^ have their supports contained 
in a fixed closed annulus A and satisfy the equations 

dxVk + ^fc^y^^fc = yk + Pk 

on D \ {0}, where the maps y^ and p^ have their supports in A. Here the 
parameterized complex structures Jk are equal to Jk{x,y) = Jk{(p{x,y)). 
Extending all the maps involved by 0, we rewrite the equation as 

dxVk + JodyVk = yk + {Jo - Jk)dyVk + Pk- 
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In view of our assumption (1751) on the sequence ( J^) and in view of the fact 
that the maps (f^) are supported in a fixed closed annulus A G D\ {0}, we 
conclude that 

(-^0 - Jk)dyVk -^ 

in H'^^'^{D) as /c — )■ oo. Consequently, the sequence of maps yk+{Jo — Jk)dyVk 
converges to in H'^~^"^{D), the sequence (p;,) is bounded in H^^"^{D), and 
the equation is satisfied on the whole disk D. By Proposition 15.11 the se- 
quence (vk) has a converging subsequence in H^^"^{D) which in turn im- 
plies that ipfh'^) has a converging subsequence in i72+™''^'"('M+ x S^). Hence 



{a'^h^) has a converging subsequence in if™"'"^([0,r] x 5*^, 



[)2n'i 



By simi- 



lar arguments, the sequence (a /i^ ) possesses a converging subsequence in 
i7"^+3([-r,0] X 5\M2"). This finishes the first step of the proof. 

In order to carry out the second step of the proof we introduce for r > 
the shifted functions a^ : M — ?■ M by 



tt. 



a 



(s — r) and a^ (s) := a (s + r) 



and define for k large the sequence [a],) of functions a], : [0, Rk\ — )■ M by 



aAs) 




< s < ^ 
Rk) f<s< Rk. 



«I(s) 



ro + r ri+r ^ i^fc - (n + r) ii^ - (ro + r) 



Figure 14: The graph of the function al 



We abbreviate 



hk = {a^hl,a^h^,^ 
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Then, using the properties of the functions al and the formula for the gluing 



■'a-ki 



"I ©a, (hk) = ®a,{hk) and Qa, (hk) = Qa.ihk). (75) 

From the first equations in ( 17^ and in fl75l) . we deduce 

= dsial ®a, (hk)) + JkdtK ®a, (hk)) 

= al[ds{®a,{hk)) + Jkdti®a,{hk))] + al ©a, (hk) (76) 

= «l[©a.(2/fc) + ®a,{Zk)] + al ©a, (hk) 

= ©afe ("r 2/^ OirVk) + ©^fc ("r 4' "r ^^) + "fc ©a^ (/^fc) • 

The support of al lies in the intervals [tq + r, ri + r] and [i?fc — (ri + r), _Rfc — 

(ro + r)]. We set 

r = n + r 

and introduce for large k the maps (7^ : M^ x 5^ — )■ M^", defined by gf^ = 
d^ ■ /i^ on [0, 2r] x 5*^ and [— 2r, 0] x S'^, respectively, and g^ = ioi s > 2r 
and s' < — 2r, respectively. Since h^ G -Em, the maps h^ are of class H^^^ so 
that the functions (7^ = {g^i9k) belong to Fm+i- Since all the functions g"^ 
are supported in the fixed finite cylinders [0,2r] x S^ and [— 2r, 0] x S"^, the 
sequence {gk) is also bounded in F^+i- Moreover, it satisfies the equations 

®a^{gk) = Paat -K + il- l3a)a-{- - Rj,) ■ /ifc (■ - Rk.t- ^k) 
= Oil ■ [PaiK + (1 - Pa) ■ K{- -Rk.t- ^fc)] 
= "fc ■ ©afc(^fc)- 

Consequently, abbreviating 

yk = {at -yt^a- -y^) and Zk = {a^ ■ z-^ ,a~ ■ z^) + gk, 
the equation fl76l) becomes 

9.(©a,(/^fc)) + ^fc5t(©a,(/^fc)) = ©a,(yfe) + ®a,{Zk)- (77) 

We note that the sequences (BakiVk) and ©afc(2fc), as well as the sequence 
(©a^(/ifc)), are supported in the sub-cylinder Za^{—r). Therefore, we may 
extend them by outside of the finite cylinders Za,. and since the Jk are 
defined on Z^^. we may consider the equations in ( 1771) as equations on the 

175 



whole infinite cylinder. Also, in view of the properties of {yk), (-^fc), and (gk), 
the sequence (y^) converges to in Fm and (i^) is bounded in Fm+i- 

We choose r so large that tq + t — [ri — tq) > and observe that 
aj, ^^ = 1 for all r < s < Rk — r . Moreover, the support of a^ ^° is 
contained in (0,/?^). Since the support of ®ak{hk) is contained in Za^{—r), 
we conclude that 

ds{®a,(hk)) + Jkdt{®a,(hk)) 

= d,{®a,{hk)) + Jodt{®a,(hk)) + {Jk - Jo)dt{®a,(hk)) 

= d,i®aAhk)) + Jodti®aM) + al-^''-''^ ■ {Jk - Jo)dt{®aAhk))- 

(78) 

We extend the maps a^~ ° • (J^ — Jo) by onto the rest of the infinite 
cylinder Z*^, which by construction contains the finite cylinder Zaf,. There- 
fore, introducing the operators 

by 

Bk:=d^^a-'^''-''\jk-.h)du (79) 

the equation ( 1771) becomes 

5fc(©a,(/ifc)) = ©a,(yfc) + ®a,{Zk). (80) 

By Proposition I4.16[ the standard Cauchy-Riemann operator 

is a surjective Fredholm operator and there exists a constant C > such 
that 



<Ch-NaJI 



afcll3+m.+J,-5m+i 



for i = 0, 1 and for all u G i:f3+m+j -5„+,(^^*^^ W''^). We will need an estimate 
for \a~^''^~''''^{Jk - Jo)dt{u - NaJ||2+,n+i,-5,„+, for k sufficiently large. 
Lemma 5.3. 
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'1) Given e > 0, there is an integer k^ such that 

\\3+m.+i,~-Sm+i 



\Wr^"'"'''\jk - Jo)u\\;^m-,^,-S^^. < e\\u\\l 



for all u G H^+m+^,-s^+^(^z*J ^nd all k>ko. 
(2) There exists ko such that for all k > k^ the operators 

are surjective Fredholm operators whose kernels consist of constant 
functions. 

Proof. (1) In view of our assumption on the sequence of almost complex 
structures, given e > 0, there exists ko such that 

\D^{Jk{s,t)-Jo)\<e (82) 

for all s satisfying Tq := ro + r — (ri — ro) < s < -R^ — Tq, for all k > ko, and 
for all multi-indices /3 satisfying \/3\ < 3 + m. We abbreviate by S^ the finite 
cylinders 

J:k = KRk-r'o]xS\ 

Since al.{s) = for s < Tq and for s > Rk — t'q and the derivatives of 
al are bounded by a constant independent of k and r, the square of the 

norm la^" " (^fc — -^o)<9t(ii)||2+„,+j _5 . is bounded above by a constant 
C (independent of k and r) times the sum of integrals of the form 

/ iD^(jfc(s,t)- Jo)n^^Miv2'5™+»i^-^i dsdt 

where the multi-indices (3 and 7 satisfy |/3| + I7I <2 + m + i. Using fl82|) we 
conclude that 



/ \D\Jk{s,t) - Jo)nZ)%|2e-2^'"+»l^-^l 
<e^ [ |Z}^u|2e-2^-+»l^-^l dsdt < eWlul 



dsdt 



* \2 

2+m.+i,-5m+i) ■ 



Consequently, 



ll«r^""^°V. - ^o)9t(n)||;+^^,„,^^^ < Ce'M;^^^,^_,^^, 
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This finishes the prove of the part (a) of the lemma. 

(2) By PropositionSini the operator ^o : H^+'^+''-^"'+' {Z*J -^ ^2+m+i,-5„+,(^^*j 
is a Fredholm operator whose index is equal to ind(9o) = 2n. Hence there ex- 
ists e>0 such that if M : iy3+m+i,-5„+,^^*j _^ ^2+m,-5,„(^^*j -^ ^^ bounded 

linear operator whose operator norm is less than e, then the operator do + M 
is a Fredholm operator having index equal to ind(9o + M) = ind(9o) = 
2n. In particular, introducing the operators M^ : H^+^+'^-^^^^+i(^Z*J — >• 

j^2+m+i-Srn+iiZ* \ by 

part (1) implies that for k large the operators Bj. = Oq + M^ are Fredholm 
and ind(-BA;) = 2n. If, in addition £ < ^ where C is the constant in the 
estimate flSTj) . we conclude from (IHTT) and (179!) that 



<2C-\u-[u]aA 



3+m.+fi,— 5„ 



for k sufficiently large. If u belongs to the kernel of -B^, then the the above 
estimate implies that u = [u]af. and since the constants belong to the kernel 
ker(i?fc) we conclude that the kernel consists of the constant functions. Since 
the Fredholm index of Bk is equal to the dimension of the constant functions, 
namely to M^", the operator Bk is surjective. This finishes the proof of the 
part (2) and hence the proof of Lemma 15.31 ■ 

We continue with the proof of Proposition 15.21 Using the second equation 
in ( !74l) and the second identity in ( l75ll . we obtain 

MOaM) = eaSv'k) + ea,(4)- (84) 

In view of Lemma 15.31 and Proposition 14.151 we find a unique map fk 
belonging to if^"'"™'~^™(Z*^,R^") having vanishing mean value, [fk\ak = 0; 
and a unique map fk e if ^'^""'''" (Cafe )^^") such that 

BkUk) = ®a,{yk) and 9o(/fc) = ea,(yfc)- (85) 

The map fk, if restricted to the finite cylinder Z^^., belongs to the space 
i7'^+"'(Zaj.,]R^") so that the pair (fk, fk) belongs to the sc-space G'^'= intro- 
duced in Section 14.31 By Theorem 12.411 the total gluing map E\a : E -^ Ga 
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is an sc-isomorphisin. Therefore, there exists a pair /io,fc = (^o^fc^^oit) ^ ^^ 
satisfying 

©afe(/iO,A.-) = fk and Gafc (/io.fc) = fk- 

Consequently, 

Bki®a,iho,k)) = ®a,iyk) and do{ea,iho,k)) = Qa^iVk)- (86) 

In addition, the averages [ho^k]ak are equal to 

[ho,k]a, = l I Kfc(^fc/2,t) + /i-,(-i?fc/2,t)] rft 

©a,(V)(i?fc/2,t) rft = / fk{Rk/2,t) dt = [h]a, = 0. 

SI J51 

By similar arguments, we find a sequence (/ii,fc) C Em+i satisfying 

Bki®a,ih,k)) = ®a,iZk) and 9o(ea,(/il,fc)) = ea,(4) (87) 

having vanishing averages, [hi^k]ak = 0- We claim that 

hk = {[hk]ak, [hk]ak) + ho,k + hi^k- 

Indeed, abbreviating pk = hk-{[hk]ak, [hk]aj -ho,k-hi^k, we have [pk]ak = 
and, in view of equations (1771) . ( 186|) . and ( IHTl) . we obtain 

Bki®a,iPk)) = and 9o(ea,(pfc)) = 0. (88) 

From the second equation and Proposition 14. 151 we conclude that Qa^iPk) = 
0. In view of the definition of the anti-gluing Qa^ > we conclude that p^ (s, t) = 
for s > ^ + 1 and p'^{s',t') = for s' < -^ - 1. Consequently, it 
follows from the definition of the gluing that ©a^(pfc)(s, t) = on the finite 
cylinders [0, -Rfc/2 — 1] x S^] and [-R/t/2 + 1, Rk] x S^ so that we can extend 
the map (Ba^iPk) by beyond the finite cylinders Za,.. Hence ®a^{pk) G 
fj3+m,~5^(^^*^^-^2n-^ and Bk{®a^{pk) = 0. Now Proposition ma implies that 
ffiafe(Pfc) = 0. Since by Theorem 12.411 the total gluing map E\a : E -^ Ga is 
an sc-isomorphism, we conclude that indeed pk = and our claim is proved. 
From now on we view the maps hi^k, ^ = 0, 1, as defined on the finite 
cylinders Z^^. We shall use extensively the estimates for the global gluing 
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constructions in Proposition 14.131 and Proposition 14.141 First, since the se- 
quences (yk) and {yk) converge to in F^, it follows from Proposition 4.7 
that 






e''"'" ■ l®a,{yk)lm+2,-Sm. -^ and e'™— ■ lea,{yk)\\m+2M -^ 0. (89) 

Now, from fl86|) and [/io,fe]afc = 0, using the estimate fl83l) and Proposition 
I4.15[ we conclude that 



(90) 

Abbreviating by Ck the asymptotic constants of the maps /io,fc, it follows 

from the definition of the norm |H|j:^"i+3,«m((^ ^2,1) and from the second limit 

in f l90|) that also e "^'^~ ■ c^ — )■ 0. Treating Cfc as constant functions defined 
on the finite cylinders Za^ , we estimate 

We next compute the G'"'=-norm of the pair (©afe(^o,fc)5 0afe(^o,fe))- Using 
[©afe(/io,fc)]afc = 0, we have 

|(©afe(^0,fc), ©afc(^0,fc)|(^^fe 
= ICfcp + e'^-^'' [II ®a, {ho,k) + Cfc||^+3,-5„ + II ©a. (/^0,fc) " [1 " 2/3.J ■ Cfc||^+3_,^] , 

We already know that \ck\ — ?■ and 

II ©afe (/iO.fc) + Cklm+3-S^ < | ©a^ (/iO,fc)|U+3 -5^ + [Ck\\m+3-5m 

< I ©a, (/i0,fe)IU+3,-5^+'^|Cfc| 

SO that, in view of e ™''^" ■ c^ — > and in view of the first limit in ([90|1 . we 
conclude 

e^-^11©^, (V) + c;l^II^+3,-5,„^0. 

The second limit in fl^Ul) implies the convergence 

e'^'"'^ ■ II ©a. (/^O.fc) - [1 - 2/3aJ ■ Cfc|U+3,5„. ^ 0. 

Summing up, we have proved that \{®aJho,k),QaJho,k)\%k -^ 0. Now 
Proposition 14.141 implies that /io,a: converges to in Em- In a similar way, 
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using the equations ( ]57|1 and the fact that the sequences (z^) and (zk) are 
bounded, one shows that the sequence (/ii,fc) is bounded in E^+i- Since the 
sequence (hk) is bounded, we conclude, using the Sobolev embedding theo- 
rem, that the sequence of averages {[hk]ak) is bounded. Hence, the sequence 
/ifc admits the following decomposition 

The sequence (/io,fc) converges to in Em and the sequence (/i2,fc) is bounded 
in Em+i- Since, by the definition oHhe sc-structure, the embedding Em+i — )• 
Em is compact, we conclude that (hk) possesses a convergent subsequence in 
Em- This completes the proof of Proposition 15.21 



5.5 Proof of Proposition 14.111 

In this section we give a proof of Proposition 14.111 We employ the notation 
rj = {ri~^, r]~) and ^ = (^"'", ^~). We start with the map Bi Q) E ^ F, defined 
by {a, 7]) I—)- D^ij]). The pair ^ := Df{ri) is uniquely determined by the two 
equations 

©a(0 = dt{®aV) 
SaiO = 0. 

Since dt{(Ba{v)) = ®a{dtri), the pair ^ solves the equations 

Recalling the projection TTa : F -^ F onto ker 0^ along ker ©„ introduced in 
Section 12.41 we find that 

The map dt : E ^ F, defined hj t] \-^ dtt], is an sc-operator, so that for every 
m there is a positive constant C'm such that 

\dtv\F^ < C'm ■ \v\e^. (92) 



for all T] G Em- Moreover, in view of Theorem 1.29 in [2B], the map n : Bi © 
F ^ F, defined by {a,h) \-^ TTa{h), is sc-smooth. Consequently, applying 
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the chain rule for sc-smooth maps, the map ^ depends sc-smoothly on (a, rj). 
With the total hat-gluing E\a{h) := (©a(^), 0a(^)), the equations fl9T]) can 
be written as 

Now applying the estimates of Proposition 14.131 and f l92|) . there is a constant 
Cm independent of a such that the following estimate holds, 

<czmv)\F^<Cm\{v\v-)\E^- 

We now turn to the operator D'^ : E ^ F. With C, = D'^ij]), the pair ^ solves 
the equations 

e.(0 = 0. 

The first equation can be written as 

©a(0 = ®a{dsV) + P'ai^) " [^^(s, t) - //"(s - i?, t - ^)], 

where /3a(s) = /3(s — -1). To prove that the map (0,77) 1— t- Dfiv) is sc-smooth, 
we introduce the solution ^1 := (^ji^,^j'") of the equations 

©a(ei)(s,t) = /3:(s)(r/+(s,t)-r/"(s-i?,t-^)) 
©a(6)(s,t) = 

so that 

ea(e-ei) = o. 

Using again the fact that na is a projection onto ker ©„ along ker ©a, we find 

^-^i = MdsV)- (94) 

Hence the map Bi (B E -^ F, defined by 
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is sc-smooth as a compositions of sc-smooth maps dg : E ^ F, rj \-^ dgt], 
and Bi Q) E ^ E, [a,h^ \-^ T^a{h). To show that the map (a,?]) h-> ^i is 
sc-smooth, we write the system (1^51) in matrix form 



/3a l-/3a 

/3a - 1 /3a 



er(s-i?,t-^) 







where we have abbreviated Pa = /3a{s) and f{s,t) = f3'^{s){ri~^{s,t) — r]~{s — 
R,t — i!})). Introducing the determinant 7a(s) = /3a(s) + (1 — /3a)^(s) of the 
matrix on the left hand side and multiplying both sides by the inverse of this 
matrix we arrive at the formula 






1 

la 



Pa Pa -I 

I -Pa Pa 







From this formula we read off the formulae for C,i and C,i 



^tis,t) 



la 
la 



s) ■ [r/+(s,t) - ri~ {s - R,t - ^)] 
s) ■ [r+(s,t) -r^(s-i?,t-?9)] 



and 



i^{s-R,t-{}) 



Pa)Pa 



la 
(1 - Pa)Pa 



la 



s) ■ [r]+{s,t)-r]-{s-R,t-d)\ 
s) ■ [r+(s,t) -r-(s-i?,t-^)], 



where we have decomposed the maps ^^ as ^^ 



"'^. Here c is the 



common asymptotic constant of ^f. In view of Proposition 2.17 in [26], the 
map ^ : Bi® E ^ F, defined by 



(a,^) ^ 







a = 0. 



IS 



is sc-smooth. Summing up, we have proved that the map (a, 77) i— )■ ^ i 
sc-smooth. 

To obtain the desired estimate, we first note that for every level m there 
is a positive constant C'^ such that 



\dsV\Frr. <CU- \v\e„ 



(95) 
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for all pairs tj G Em- Writing the equation ( P5|) as 

E.(e-ei) = (©a(9.r/),0) 

and applying the estimates of Proposition 14. 131 and (!95|) . we find a constant 
Cm independent of a so that the following estimate holds, 

^ (96) 

In order to obtain similar estimates for ,^i, we use the fact that the map $ is, 
in particular, of class sc°. Hence, given the level ?n, there exists 5 > such 
that |?7|_B„ < <^ and \a\ < 5 implies \^{a,vi)\p^ < 1. Since $(a, ■) is linear, we 
conclude that 

for |a| < 5 and rf G Em- Moreover, it follows from the formulae for ^f that 
there exists a positive constant C'm > 5~^ for which 

for every a satisfying 6 < \a\ < | and for all r] G Em- Combining the estimate 
f l96|) with the above estimates, we find a constant C^ independent of a such 
that 

for all 7] G -Em- 

We next discuss the operators C^, C^ : E ^ F. Setting C^{r]) = ^, the 
map ^ satisfies the equations 

©a(0 = 

©a(0 = dtiQaiv))- 

Solving for ^ = (C^,^~), we find 

la 
la la 

(97) 
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and 
ris-R,t-^) = ^"(^"~^) (g) . d.ri'^is, t) + ^{s) ■ dtr{s -R,t- ^). 

la la 

The map E ^ F, defined hj r] \-^ dti], is sc-smooth. Also, in view of Section 
2.4 in [S], tlie maps 5i © F -> F, defined by 

{a,r])^^ L(^s)-r]+{s,t) and {a,r]) ^ ^{s) ■ 7]"{s - R,t - ^), 

la la 

are sc-smootli. Hence, by the chain rule, the map Bi x E —> iJ^'*°(M"'" x 5*^), 
(a, rj) I—)- C,~^ is sc-smooth. The same conclusion holds for the map Bi x F — )■ 
H'^'^o(j^~ X S^) given by (a, 77) t-)- ^~. Summing up, the map Bi x E -^ F, 
(a, 77) I—)- ^ is sc-smooth. 

We finally consider the map Bi (B E ^ F, defined by (0,77) t-?- C^ijf). 
Setting ^ = Cg{i]), the map ^ solves the following two equations, 

©a(0 = 

QaiO = dsiQaiv))- 

We obtain for the pair ^ = {^'^,^~) the formulae 

la 



^^" ^^^" •(r/+(.,t)-av.(r^)) 



7a 

+ ^^" ~ ^^^° ■ (r/~(s -R,t-^)- av,(r7)) 

7a 

and an analogous expression for C,~{s — R,t — i}). The average ava(?7) is the 
number 



^^"^^^^=KX''^'^?'')'^' 



^r(-f,i) c?t). 



The map BixE^F, 



(a, 77) t-^ -^^ QaidsT])) 

la 
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is sc-sinooth by the same argument as above. In view of the results in Section 
2.4 of [2H], the maps 

(a,r/+)^ ^^°~^^^- -(r/+-av.(r/)) 

la 

(a, r,-) ^ ^^" ~ ^^^" ■ {ris -R,t-^)- av„(r/)) 

la 

from Bi®H^'^°{R+ x ^i) to H'^'^o{R+ x S^) and from Bi®H^'^°{R- x 5^) 

to H^'^°{R~ X S*^), respectively, are sc-smooth. The same arguments apply 
to the component C,~- Therefore, the map Bi x E ^ F, (a, 77) h- )■ ^ is sc- 
smooth. The desired estimates follow from the formulae for the components 
of the maps (a, 77) t-)- C^{ri) and (a, 77) i-)- C^{r]). This completes the proof of 
Proposition 14.111 ■ 

5.6 Banach Algebra Properties 

Our aim is to prove the following Banach algebra properties for the Banach 
spaces H'^'^(R+ x S^) and H^'^{R+ x S^) equipped with the norms 



2 

771,(5 






|a|<7n 

for / G i7™''^(M+ X S^) and 

\\9\\l,s = \c\' + Yl I \D-{g{s,t)-c)\'e''^dsdt 

for g G i/™''^(M"^ x S^), where c is the asymptotic constant. 

Theorem 5.4. For ?Ti > 3 and 2 < k < m and < a < 6, there exists a 
constant C such that 

||/-5'IU,5 < C\\f\\m,5- \\9\\k,a 

for all f G H"''^(R+ x S^) and g G i/^''"(M+ x S^). Moreover, 
(1) If m > 3 and 2 < k < m and < 6, 

11/ ■ g\\k,5 < C'll/lli/r'*{M+x5i) ■ \\9\\k,S 

for all f G if™'^(M+ x S^) and all g G H'''^{R+ x S^). 
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(2) Ifk>3and6>a> 0, then 

11/ ■ g\\k,5 < C'll/ll//fe.-(R+x5'i) ■ \\9\\k,5 

for all f e i7^^'^(M+ x S^) and all g E H'''^{R+ x 5^). 

Proof. We first assume that k > 3. Then the square of the norm \\f ■ g\\k,a is 
bounded by some constant times the sum of integrals of the form 






(98) 



where the multi-indices a and /3 satisfy |a| + \/3\ < k. Then, since k > 3, 
either |a| < /c — 2 or |/3| < k — 2. We assume that |a| < A; — 2. Since 
e^'f belongs to H^, it follows from the Sobolev embedding theorem that 
maxo<|a|<fc-2|-D"(e'^7)|Loo(iR+x5i) < C'\\e^'f\\Hk < C||/||fc,5 for some constant 
C. In particular, we conclude that \e^'D°'f\ioc(j^+y^s^) < C*||/IU,5 for all multi- 
indices a satisfying |a| < k — 2. Hence, if |a| < A; — 2, we obtain the estimate 



/ 

Jr- 



D'^f\'\D^9\' ■ e''' < C^f Wis ■ f \D^9\' < C^f\\l ■ ||^||^„ 



since m > k. If the multi-index /3 satisfies |/3| < k — 2, then the derivative 
D^g belongs to H^~^°'^ C H^ so that, in view of the Sobolev embedding 
theorem, \D'^g\L^{R+xs^) < C'llfi'lU,^, and hence 



2 II ell 2 II Ii2 



/ \Dy\'\D^g\' . e''^ < C'\\g\\l^ ■ / {D'^fle''^ < C 

Jr+xS^ Jr+xS^ 

Next we consider the remaining case k = 2 and m > 3. Then the multi- 
indices a and (3 in ( l98l) satisfy |a| + |/3| < 2. Since ?7i > 3, it follows as 
before that ina.x\a\<i\e^'D°'f\ioo^fi+.^si^ < C||/||m,<5 and we conclude for the 
multi-indices |a| < 1 that 

/ l/r \D^9\' ■ e''' < C^fWls I \D"g? < C^f\\l, ■ ||,||t. 

JR+xS^ JR+xS^ 

If |a| = 2 SO that /3 = 0, then, in view of the Sobolev embedding theorem 
applied to g E H^, we can estimate |fi'|Loo(R+xsi) ^ C'llfi'lU.o-, and obtain 

f |z^"/|2 . |^|2 . ^2ss < c^gwi^ f |z^"/| v^^ < c^fWls ■ Ml,.. 

Jr+xS'^ Jr+xS^ 
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In order to prove the statements (1) and (2), we split f = c + r where c is 
the asymptotic constant and r belongs to H"^'^(M.'^ x S*^) in case (1) and to 
H'''''{R+ X S'^) in case (2). Since in both cases g E H'''^{R+ x S^), we have 
eg G H^'^{R'^ X S^) and, in view of the previous part, also rg G H'^'^(R'^ xS^). 
Recalling that ||fi'||l.fc,i,„ , „ix = |cp + ||r||^5, we estimate in case (1), 

\\f9\\k,s = \\cg + rg\\k,s < \c\ ■ \\g\\k,s + \\rg\\k,5 

< |c| ■ ||5'|U-,<5 + C'|k|U,<5 ■ \\9\\k,5 < '^C\\f\\H^-\R+xS^) ' \\9\\k,5, 

and in case (2), 

\\f9\\k,s = \\cg + rg\\k,s < \c\ ■ \\g\\k,s + \\rg\\k,5 

< |c| ■ \\9\\k,5 + C'IklU.a ■ \\9\\k,s < 2C||/||j:^fe.-(]R+xsi) ■ \\9\\k,5, 
The proof of Theorem 15.41 is complete. ■ 

5.7 Proof of Proposition 14.121 

We recall that, given a smooth map A : M^ — )■ /^(R-^, M^"^), the map A : 
Bi © E(^) © F(^) ^ F(*^), {a,u,ri) ^ ^ = A{a,u,ri), is defined as the 
unique solution of the equations 

©,(0(s,t) = o, 

for [(s,t)] G Za where we have abbreviated u = {u'^,u~) G E^^\ r] = 
(?7+,?7~) G F^^\ and ^ = {^^,^~) G F^*^^. Here the spaces are defined 
as follows. The sc-Hilbert space E^^^ consists of pairs (n+, n~) belong- 
ing to H^'^o{R+ X 5'\M^) © H^^^o{R- x 5'\ M^) having common asymp- 
totic constants as s — )■ ±oo and the sc-Hilbert space F^^^ is the space 
H^'^°{R+ X S\R^) © H^'^°{R+ X ^\M^). We also point out that in view 
of the second equation and the properties of the function f3a, we conclude 
^+(s,t) = for s > f + 1 and r(s',t') = for s' < -f - 1. 

Without loss of generality we may assume that A^ = ii' = M = lso that 
yl : M — )■ M is a smooth function. We also drop the superscript from E^^'' and 
F^^) and write instead simply E and F, respectively. 

(1). In order to prove the first statement in Proposition I4.12[ we derive a 
formula for A(^a,u,ri^ = ^ G F. Abbreviating /?„ = f3a{s) and 

Ua = ®a{u) and rja = ®aiv), 



we write the equations f l99p in matrix form as 



■ /5a l-/3a 

/3a - 1 Pa 






A{Ua{s,t)) ■?7a(s,t) 





With 7a(s) = f3l{s) + (1 — /3a)^{s) denoting the determinant of the matrix on 
the left hand side and multiplying both sides by the inverse of this matrix, 
we arrive at the formula 



The formulae for C,^ and ^~ are 



/3a /3a -1 

1 - /3a /3a 







t{s,t) = ^{s) ■ f{s,t) = ^{s) ■ A{(Baiu)is,t)) ■ ©a(r/)(s,t) 

la la 



and ^+(s,t) = for s > f + 1, and 

la 



A{®a{u){s,t)) ■®a{ri){s,t) 



and ^ (s — -R, t — -i!^) = for s < J + 1. Our aim is to prove that for i = 0, 1 
the map Bi®E®F'^ F\ 

2 

is sc-smooth. To do this we consider the formula for ^^ . We introduce the 
map f : Bi®F' -^ H^+'^^^{R+ x S^), defined for a ^ by 



la 



(100) 



where (s,t) G IR+ x S^. If a = 0, we define f{0,r]){s,t) = ?7+(s,t) for 
(s, i) G M+ X S^. We point out that if a ^ 0, then 

f{a,r])is,t) = fors>- + l. 

Decomposing u^ = c + r^ where c is the common asymptotic constant of the 
maps M^, the glued map ®a{u) is, in view of Section 2.4 of [26], given by 

®aiu){s,t) =C+©a(r)(s,t) 
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where < s < R and where r = {r^,r ). Next we introduce the map 
g: Bix if3,5o(^+ X S^) -^ H^^^"{R+ x S^), defined by 



g{a, u){s,t) = c + I3a{s - 2) ■ ©a(r)(s, t), (101) 

if a 7^ 0. If a = 0, we set 5^(0, m) = c+r^ = u~^. We note that g{a, u){s,t) = 

or 

R 



for s > 1 + 3 and ®a{u){s,t) = g{a,u){s,t) for s < f + 1 since l3a{s-2) = 1 
for s < ^ + 1. Since /(a, t]){s, t) = for s > -^ + 1, we therefore find that 



e{s,t) = A{g{a,u){s,t)) ■ f{a,7]){s,t) 

if a 7^ 0, and if a = 0, then 

t{s,t) = A{u+{s,t)) ■ r]+{s,t) = A{g{0,u){s,t)) ■ /(0,r/)(s,t) 

for (s, t) G M"*" X S^. Consequently, ^~^ is the product of two maps defined on 
all of M"*" X S^ and we shall show that each map is sc-smooth. 

We start with the map Bi®E^ Hl^^°{M.'^ x S^), defined by (a, u) t-^ 
A{g{a^u)). First, using the arguments in Section 2.4 of [26] one shows that 
the map Bi®E^ _ff^'''o(M+ x S*^), defined by (a, u) H- g{a, u) is sc-smooth. 
The smooth function A : M — )■ M induces a smooth substitution operator 

A : i/^'"'^(M+ X S^) -^ i7™'^(M+ x S^), A{u) = Aou 

for every m >2 and 6 > 0. In particular, the map 

A : iJ,2'^°(K^ X S^) -^ H'^'^%R+ X S^) 

is sc-smooth. Applying the chain-rule for sc-smooth maps, we conclude that 
the map 

Bi ©E^if3,<5o(K+ X S^), (a,M) ^ A{g{a,u)) = Aog{a,u) 

is sc-smooth. Also the map Bi®F' -^ H'^+''^^{R+ x S^), defined by fITOOD is 

sc-smooth for i = and i = 1, again by the arguments in Section 2.4 of [26] . 
The product map $ : H^+"^'^^(U,+ x ^i) © H2+m+i,s^+, (^-^+ ^ ^i^ ^ 
^2+m+i,5„+i^]^+ y. gi-^^ defined by ^{f,g) = f ■ g, is smooth for every level 
m > and i = 0,1. This follows from the statement (1) of Theorem 15.41 
if z = and from the statement (2) if z = 1. Consequently, applying the 
chain-rule, the map Bi®E®F'^ H'^+''^'\R+ x 5^), defined by (a, u, rj) v^ 
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^(^A(g{a,u)), f{a,ri)), is sc-smooth and hence the map {a,u,ri) \-^ ^+ is sc- 
smooth. The same arguments apphed to the second map Bi Q) E (B F^ — )■ 

2 

]y2+i,5i^-^~ ^ ^1^^ (^a,u,r]) h-). ^~ show that it is also sc-smooth. 

Consequently, the map i?i x i? © F* — ;■ F\ (a, u, 77) h-)- ^ = A{a, u, rj), is 
sc-smooth as claimed. 

To obtain the desired estimate we first consider the map (a, rj) i— )■ /(a, 77). 
The map is sc-smooth and, in particular, of class sc°. Hence, given the level 
m > 0, there exists a constant p > such that 

ll/(«5'7)|lH2+'"+'.^m+i(R+x51) - 1 

for all \a\ < p, i = 0, 1, and all l^^l^^+i < P- Since the map is linear in the 
variable 77, we conclude that 

for all \a\ < p, i = 0, 1, and all 77 G Fm+i- Also, it follows from fllOOp that 
there is a constant Cm > P^^ such that 

for all p < \a\ < ^, z = 0, 1, and all rj G Fm+i- Consequently, 

\\f{(^^V)\\H^+'^+''^^+i(R+xS^) - Cm\v\F^+i (102) 



for all \a\ < |, i = 0, 1, and all r] G F^+i- Now, given a pair uq = {uq, Uq 
Em where Mq = Cq + rJ, we define 



g{a,uo){s,t) = co + (3a{s- 2) ■ ©a(ro)(s,t) 

if a 7^ and g(0, uq) = u^ if a = 0. We already know that the map (a, u) i— )■ 
Ao g[a,u)) is sc-smooth, hence, in particular, of class sc°. Therefore, fixing 
a level 771 > 0, we find for every qq G Bi and e > a positive number pag 
such that 

P(c/(a,u))-A(^(ao,%))||^-+3,^™(K+xsi) < ^/2 
for all |a — Ool < Pao and \u — uq\e^ < Pao- In particular, 

\\A{g{a,uo)) - A{g{ao,uo))\\^^+3,Srn^^+^g,^ <e/2 
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implying 

\\A{g{a,u)) - A{g{a,Uo))\\j^n^+3,s^^^+^g,^ 

< \\A{g{a,u)) - v4(5f(ao,Uo))||^m+3,«„(]g+^_5.i) 
+ \\M9{ao,uo)) - A{g{a,uo))\\^n.+3,Sm^^+^si^ < e. 

Covering the closed disk Bi by open disks i?(ao,Pao) ^'^^ using compactness 
we find a constant p > such that 

\\A{g{a,u)) -A(^(a,uo))||^m+3/™(jj+^5i) <e 

for all a and for u G E^ satisfying \u — Uq\e^ < p- 

Now, using Theorem 15.41 on level m + i for i = 0,1 and the estimate 
(11021) . we conclude for given uq G E^ and e > that there exist p > and a 
constant Cm depending on m but not on a such that 

II {A{g{a, u)) - A{g{a, %))) ■ /(a, r/) ||^™+2+.,5„+,(jg+^^i) < C^ ■ e ■ 1^1^^+^ 

for all a G -Bi, all ?7 G Em+i and for u G -Em satisfying \u — Uo\e„, < P- This 
completes the proof of the part (1) of Proposition 4.6 and we next turn to 
part (2). 

(2). We recall that, for a fixed a G -Bi , the map La : E ^ ^{E, E) is defined 

by 

La{u) = A{a,u,-)eC{E,E). 

That for fixed a and level m the map La is of class C^ follows from standard 
classical argument and the fact that gluing is linear. Then one computes 
the form of DLa by a formal calculation. For this we consider the smooth 
function 5 : M © M ^ M, defined by 

B{p,q) = DA{p)-q 

where DA stands for the derivative of A, and introduce the map B : Bi(BE(B 

E (BE -^ E, (a, u, u, rf) \-^ B{a, u, u, rf) = ^, defined as the unique solution of 
the two equations 

©a(0 = B{Ua,Ua) -Tja 

ea(0 = 
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if a 7^ 0. Here we have used the notation Ua = ©a(w), Ua = ®a{u), and 77^ = 
©„(r?). If a = 0, then B{a, u, u, r]) = {[DA{u+) ■ u+] ■ r]+, [DA{u~) ■ u'] ■ 77") . 
We claim that the derivative DLa{u)u of the map La at the point u in the 
direction of u is equal to 

DLa{u)u = B{a,u,u,-). (103) 

The continuity of the map DLa : E„^ — )■ C{Em, C{Fm, Fm)) is a conse- 
quence of the estimate in the part (3) below. 

The sc-smoothness of the map BiQ)EQ)E(BF^F, defined by 

{a,u,u,r]) I— 7- [DLa{u)u]ri = B{a,u,u,ri), 

can be reduced to the previous discussion in part (1) by replacing the function 
A by the function B. This completes the proof of part (2) in Proposition 
I4.12[ and we shall prove part (3). 
(3). Fixing a level ?Ti > and uq G Em, we have to estimate 

\[DLa{u)u]r]- [DLa{uo)u\ri\F^ = \B{a,u,u,T]) - B{a,uo,u,r])\F^. 

For a 7^ 0, we abbreviate ^ = B{a, u, u, rf) and ^0 = B{a, uq, u, rf). Then, 



t-it= [DA{ua)-DA{{u,)a 



u„ 



Va 

la . 



With the maps f : Bi® F ^ H'^'^''{R+ x S^), {a,7]) h> f{a,v), and / : 
Bi®E^ i73'^o(M+ X 5I), (a,n) ^ /(a,u), both defined by flTOOj) . and the 
map g: Bix H^^^o{R+ x S^) -^ H^'^''>{R+ x S^), (a, n) h^ 9{a,u) defined by 
(110 II) , the map ^~^ — ^q is equal to 

e - Co^ = [DA{g{a, u)) - DA{g{a, uq))] ■ f{a, u) ■ f{a, r]) 

For the map / we have the estimate fll02p and for the map / we similarly 
obtain the estimate 

||/(a,M)||^3+,n.5™(K+x5i) < Cm\u\E^ (104) 

for all \a\ < | and all u G Em- Hence, using the Banach algebra property in 
Theorem 15.41 twice, and the estimates f ll02p and f ll04p . we obtain 

< Cm\\DA{g{a,u)) - DA{g{a,uo))\\^3+m,Sm(^^+^si) ■ \u\e^ ■ |'7|f„ 
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with a constant Cm depending on m but not on a. Finally, repeating the 
same argument as in the part (1) but with the derivative DA : M -> M instead 
of A : M — !■ R, we see that for a given e > 0, there is a constant p > such 
that 



\\DA{g{a,u) - DA{g{a,UQ))\\^-,+,^,s^fj^+^g, 



< e 



for all \a\ < | and for u G E^ satisfying \u — MoUm < P- Therefore, 

11^ ^ Co lli/2+m,5m(R+x5i) <Cm- £ ' \u\e^ " | ^ | F,„ 

for u G Em satisfying \u — Uq\e^ < p, for all u G Em and all rj G Fm- Since 
the same estimate also holds for the map i~ — ^q , we conclude that 

|fi(a,u,u,?7) -5(a,uo,u,?7)|F„ < C^ ■ £ ■ |n|£:^ ■ |?7|i.^ 

for u G -Em satisfying \u — Uo\e^ < p, for all u G -Em and all r] G Fm- The 
estimate for a = is obtained the same way. 

The proof of Proposition 4.6 is complete. ■ 



5.8 Proof of Proposition 14.161 

We recall that the Hilbert spaces H'^+"^-^"^(^Z*,R'^'^) for m > consist of 
maps u : Z* — 7- M^" for which the associated maps w : M x 5*^ — )■ M^*^, 
defined by (s,t) — )■ n([s,t]) have partial derivatives up to order 3 + m 
which, if weighted by e""^""'*" 2"^ belong to the space L^(]R x S^). The spaces 

is defined as 



are defined analogously. The norm of m G H^^ 



m,—&ri 



i2n\ 



ll^ll 



3+m,— (5„ 



( V / \D^u\\-^'-\'-^\ dsdt) 



1/2 



|a|<3+m ' 



The number R is equal to R = (f{\a\) where (p is the exponential gluing 
profile. Moreover, the mean value [u]a of a map u : Z* —> R^" over the circle 
at { j} X S^ is defined as 



u 



u 



R 



dt. 



194 



= {J2 [ \D''u{s + R/2,t)\^e-^^"^^'\ dsdty 



a|<3+m. ' 

= ||m(- + R/2, ■)||j^3+m,-5„(KxSl,R2n), 

where the i73+m,-5„,(^^ ^ 5^ M^n^.^^^^^ ^f ^j^^ ^^^p ^ ; k x 5^ ^ M^n ^^ 
defined by 



l7/l|2 






la|<3+m 



Thus, the map h : if^+m,-^™^^*^ ^2n^ ^ ^3+„,_5„,^^ ^ Si),^^")^ de- 
fined by u{- + /2/2, ■), is a hnear isometry. The same holds for the spaces 
jj2+rn,~Sm.(^2*^^2n-^ and H^+"''-^"^ {R X S^),R'^''). Moreover, iiv{s,t) = u{s + 
R/2,t), then v — [v]q = u— [u]a where R = f{\a\). Consequently, it suffices 
to study the standard Cauchy-Riemann operator 

It is known that this operator is a surjective Fredholm operator whose kernel 
A^ consists of constant functions. The subspace X C ij3+'"'~'^'"(M x 5*^, M^") 
of maps u satisfying 



[u]o ■= / n(0,t) dt = 



is closed and an algebraic complement of the kernel A^. Since A^ is of finite 
dimension, the subspace X is a topological complement of A^. Applying the 
open mapping theorem, there exists a constant Cm such that 

7=;- ■ lkl|»7i+3-<5™ < ||t^0'"||m+2-5„ < C^ " ||u||„+3 _5^ 

for every m G X. Now the desired estimate is a consequence of the fact that 
if M e H'-^+^'-^^iR X ^\R2"), then the map u - [u]o belongs to X. This 
completes the proof of Proposition 14. 161 
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5.9 Proof of Lemma 14.191 

We recall the statement for convenience. 

Lemma 14.191 If e > 0, there exists R^ > such that for all R> R^ and for 

i = 0, 1 the estimate 

holds for all h e iJ^+3+*'^-+-(^ X 5\R2"). 

Proof. We only consider the case 2 = 0; the arguments for the case i = 1 
are the same. We may assume without loss of generality that J and h are 
real-valued. Since we have uniform bounds on the derivatives of 'Jr up to 
any order and Jr vanishes for s < R+ 1, the norm 

||7iJ ■ (-^(^0 - JiO))ht\\Hm + 2.Sm 

is estimated from above by a constant independent of R times a linear com- 
bination of integrals of the form 

[ \D''[{J{v) - J{0))ht]\^e^^"^^'Usdt (105) 

where the multi-indices a = (ai, 02) are of order |a| < m + 2. Since 

D-[{j{v) - m)h,] = J2 ('l)D^iJ('') - -^(0)) ■ D^'-'h,, 

the integrals fllOSp are estimated by a constant independent of R, times a 
linear combination of integrals of the form 



/, 



\Df^{j{v) - J(0)) |2 ■ iD^-^/iil^e^^™^ dsdt (106) 

[i?,oo)x5i 

with multi-indices a and /3 satisfying P < a and |a| < m + 2. If |/3| = 0, then 
using that J is smooth and v{s,t) approaches as s — )■ 00 uniformly in t, 
the above integral can be estimated by 

Cn I \D-h,\\'-^ dsdt < C'n\\h\\lr,..s^,^^s^^.., 

J[R,oo)xS^ "• ' ' 
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where the constants Cr and C^ converge to as i? — ;■ oo. We next assume 
that 1 < |/3| < m + 2. Then D\j{v) - J(0)) = D\j{v)). The derivative 
DI^{J{v)) is a hnear combination of expressions of the form 

{Dp){v) ■ D^^^Vi, D^^^Vi^, (107) 

where D^J stands for the /c-order derivative with respect to the variables 
{zi, . . . , ik} and f j's are the components of the vector v. Moreover, k < |/3| 
and the multi-indices 7,^, . . . ,7jj. satisfy |7iJ + . . . + |7jj.| = |/3|. Hence using 
that v{s,t) approaches as s — )■ 00 uniformly in t and that J is smooth, we 
see that for multi-indices fi satisfying 1 < |/3| < ira + 2 the integrals in (11061) 
are bounded above by integrals of the form 

Cr [ \D^'vi\^ ■ ■ ■ \D^^-V2n? ■ l^'^-^/iil^e^'^'"" dsdt (108) 

with a constant Cr tending to as i? —t- 00. To estimate the integrals in 
(11081) we first assume that |7j J , . . . , 17,^, | are less or equal to m + 1. We recall 
that f is a fixed map belonging to ff '"+3'<5™ (]R+ x S*^, M^"). This is equivalent 
to saying that e''"'*u belongs to i7'"+^(]R+ x S^, M^"). In view of the Sobolev 
embedding theorem, we conclude that 6*^""^^ is of class C"^"'"^((l, 00) x S^) and 
there exists a constant C such that maxo<|^|<m+i sup(i go)x5i|-^''^(^'^'"'^'^)l — 
C'||v||H™+3,«m((i.oo)x5i,R2n). From this we conclude that the partial derivatives 
D^^Vi are uniformly bounded by a constant independent of i? > 1. Conse- 
quently, if |7jJ, . . . , |7jj.| < m + 1, then the integrals in (I108p are estimated 
from above by 

Kr / \D''-^ht\'^e^^^' dsdt < C^||/l||j^,n+3,«„(Kx5l,R2„). 

J[R,oo)xS^ 

It remains to consider the case in which there is exactly one multi-index, say 
7j, for which |7j| =771 + 2. In this case a = /3 = 7^ and the integral (I108P 
takes the form 

Cr I \D^Vi\'^ ■ \ht\'^e^^^' dsdt. (109) 

Since the derivative ht belongs to _f/'™+2,'5m (^]]j+ ^ 5"!, M2n-)^ ^y^q map e^'^'^ht be- 
longs to /7™"'~^(M+ X S*^, M^"). In particular, in view of the Sobolev embedding 
theorem, e'^™'' /it belongs to the space C°(M+xS'\ M^") and \\e^'^''ht\\co{R+xs^) < 
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C||e*'"'/it||i^-+2(iR+x5i,M) < C'll^ll//-+3.'5-(]Rx5i)- Consequently. 



Cr iD^'Vil ■ |/it| e '"^ dsdt < C^||/it||co{R+xsi)ll^l|H™+3(R+x5i,R2") 

J[fl,oo)x5i 



— C'j^\\v\\H"^+'-i{R+xS^,R^") ■ ll"'llii'™+3'''"i(iRx5i,R2")- 



;iio) 



Summing up, each of the integrals f llUSp can be estimated from above by 
CR||/i||^™+3,*mmx5i R2n) ih whlch Cr — )■ as -R — )■ oo. This completes the 
proof of Lemma 14.191 ■ 

5.10 Special Algebraic Properties 

Our aim is the proof of the following statement. 

Proposition 5.5 (Banach Module Property). Form > 3, 2 < k < m, 
and 6 > there exists a constant C > (independent of a) so that for 
q e H'^iZa, M) and p G H''{Za, M) we have 

lq-ph,^5<C-e'^-lql^,.s-lph,-s. 

Recall from Section 4.2 that the norms || ■ lk„, for A; G N and cr G M, are 
defined by 

Ml,.= E / iD-qilsM'-e'-^'-^^dsdi. 

\a\<m. ^ ' ' 

The above proposition is a consequence of a series of lemmata. The spaces 
L^(Za,R) and L°°(Za,M) are equipped with the standard norms identifying 
Za with [0, R] X S^. Here R = '^{\a\) and ip is the exponential gluing profile. 

Lemma 5.6. Let 6 > 0. If the functions p, g : Z^ — > M satisfy 
e-^l«-flgeL2(Z„,M) and e'^^'-^^p e L°^{Za,R), 

then the estimate 

|g-p-e"^l^-flU2 < e^T . \pe~'^^-^L- ■ \qe-'^'-%^ 

holds true. 
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Proof. We compute 

JZa 



JZa 

< \p ■ e 



-5|.-f||2 



JZa 



^ SR I _5|s-«||2 I _5U_«||2 

This implies the desired resuh. ■ 

The basic estimate we shall need is the following. 

Lemma 5.7. For d > there exists a constant C > 0, independent of 
< |a| < |, such that 

|e-^l^-*lgL^(^^)<C-||g|h,_, (111) 

for all qe H'^{Za,R). 

Proof. We abbreviate S^ = [r, r + |] x S^ for < r < R — ^. In view of the 
Sobolev embedding theorem, there is a constant c > independent of r so 
that 

maxl^l < c- |u|h2(so- 

Since maxr^^_,_i| e^'^''^~2"' < ea ■ e^'^'^~2"l, we use the Sobolev estimate above 
and conclude that 






max|ge ^"^ -^^Y < e ■ e ''' 2i.max|g 

2-ly Z-lf 



|a|<2 
|a|<2 
\a\<2 



199 



for every < r < i? — |. Taking the supremum over all such r, we obtain 
the desired estimate 

The proof of the lemma is complete. ■ 

Proof of Proposition 15.51 We first assume that 3 < k < m. In view of 
the definition of the norm || ■ Ik-s and the product rule, the norm ||p ■ qlls i^ 
bounded above by 



c Y. I i^^r-i^^gr-e"'"'"^' 



for some constant C independent of a. Since the multi-indices a and (3 satisfy 
|a| + \l3\<k and A; > 3, then either |a| < A; - 2 or |/3| < A; - 2. Without loss 
of generality we assume that \a\ < k — 2. Since p G H^, the derivative D^p 
belongs to if'^"!"! and hence to H^. Hence applying Lemma [5.71 we obtain 
the following estimate 

|e-^l-f lD>|^^^^^^ < C ■ |p>||2,-5 < C ■ |b|U,„5 

so that 

JZa 

JZa 

<C^^(e^^-bllU-|kllL,-.- 
since e^'^''^"^' < e^^ for < s < i?. Consequently, 

with the constant C is independent of a. 

Next we consider the remaining case k = 2 and m > 3. We have to 
estimate the integrals 



JZa 



■25\s-§\ 
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where multi- indices a and /3 satisfy |a| + |/3| < 2. If a = 0, Lemma 15.71 
implies that 

/ br ID^P ■ e-^^l^-f I < C^ . Hit, ■ / \D'^\' 

J Za -^ Za 

JZa 



By the same arguments one obtains a similar estimate in the case /3 = 0. If 
l*^! = l/^l = I5 using Lemma [521 and m > 3 we compute, 



Jz„ 



p\' 



<c' 


■ Ml 


-S ' 


■ e^^ ■ 


J Zr, 


^^p2 


■ e 


-25\s- 


R 

2 


<c' 


■ Ikll^, 


~S ' 


■(e^« 


■ \P\1- 


-s)- 









The proof of the Proposition 15.51 is complete. ■ 
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